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 Superexponentiation 
 

JIM ADAMS            http://www.jimhadams.com 

 

 

1. Introduction. 
 

This conceptual work-in-progress describes explorations of the mathematical 

landscape mainly concerning global theorems for higher-order exponential operations, 

the generic term for which is superexponentiation. These operations are in general 

non-associative. 

 

The context in which this is developed is in terms of intricate and hyperintricate 

numbers, being a particular representation of GL(2
n
). This is especially convenient in 

that complex numbers are a subalgebra of intricate numbers, so that our results 

naturally incorporate results involving complex numbers.  

 

We present this subject as a room in which the wallpaper is stripped off and on the 

floor, the skirting board is half-painted in undercoat, one strip of wallpaper is affixed 

to the wall and the total outline of the décor has yet to be fully determined! 

 

In Section 2, we introduce an exponential notation, which is developed later in the 

Section on superexponentiation. 

 

Section 3 discusses binary quadratic forms, the complex binomial theorem and its 

ramification. 

 

We then proceed, in Section 4, to discuss global class field theory. 

 

Section 5 then introduces intricate numbers, a particular representation of GL(2), and 

develops various aspects of these, including Taylor series, intricate Argand diagrams 

and then continues with hyperintricate numbers – a representation of GL(2
n
). We 

relate these ideas to exponentiation and to L-series. 

 

In Section 6 we discuss 0LK�LOHVFX¶V�WKHRUHP, obtaining from previous results prime 

number constraints on γt
 – δv

, for t, v ∈ N.  

 

Section 7 discusses Fermat’s Last Theorem and Beal’s conjecture. 

 

In Section 8 we discuss the non-associative permutrix product. 

 

We end with Section 9 on superexponentiation, a higher-order generalisation of 

iterative operations like addition, multiplication and exponentiation. A symbolic 

notation for these usually non-associative operations is developed. We discuss 

metagraphs in this context. 

 

I would like to thank especially Doly García for discussions. 
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2. Notations. [4] 
 

We use sparingly a special symbolism to obtain our results and think a supplementary 

notation “↑” for a↑b = a
b
 is suggestive and appropriate. “a↑b” must coexist with the 

current convention, so we would still use e.g. sin
2θ. This has the advantages of being 

more compact than exp{b}, complicated expressions become more visible and 

simpler to notate, long sequences of exponents of exponents become easy to write and 

friendly on line spacing, the choice between (a↑b)↑c and a↑(bc) for real a, b, c allows 

flexibility and nuance, and because usually a↑(b↑c) ≠ (a↑b)↑c, the non-associative 

nature of exponentiation becomes easy to specify.  

 

Let a, b, … to h, α, β, γ, δ ∈ R
+
 be non-negative real numbers and j, k, … to z ∈ N be 

natural numbers. N starts from 1, unless 0 is otherwise indicated. Multiplication will 

take precedence over exponentiation in implicit bracketing.  
 

Factorisation of real numbers, or of complex numbers a + ib, is not unique. Natural 

numbers factorise uniquely, and there is a type of unique factorisation for Heegner 

numbers, given by p + q√-1, p + q√-2 or ½(p + q√-r), where -r is one of -3, -7, -11, -19, 

-43, -67 or -163.  
 

We adopt the convention 0! = 1, writing linearly put a x q = Σ(r = 0, q – 1) a, where 

the sum is 0 if q = 0, and put a↑q = Π(r = 0, q – 1) a, where the product is 1 if q = 0.   

 

3. Binary quadratic forms and the complex binomial theorem. 
 

For n = 2m + 1 odd 

 z
n
 + z

n – 1
x + z

n – 2
x

2
 + … + x

n
 

factorises, since 

z
n+1

 – x
n +1 

= (z – x)(z + x)(z
2m

 + z
2m – 2

x
2
 + z

2m – 4
x

4
 + … + x

2m
), 

and (z
n+1

 – x
n +1

)/(z – x) is a whole number. 

 

A similar situation arises with the above argument under the transformation x → -x. 

 

For n even 

z
n
 + z

n – 1
x + z

n – 2
x

2
 + … + x

n 
= Π(k = 1, … n)(z + (ωn+1)

k
x), 

and similarly under the transformation x → -x.���
 

We can compare this with a previous result, that if z ≠ x (mod 3) then 

z
2
 + zx + x

2 ≡ 1 (mod 3).�� 
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4. Global class field theory. 

 

 

 
 

 

 

 

5. Intricate and hyperintricate numbers. 

 
We investigate intricate numbers, denoted by B – particular representations of 2 x 2 

real matrices [13] – an extension of the idea of complex numbers, and extend these 

ideas to hyperintricate numbers,�Bn, the corresponding representations for real 2
n x 2

n
 

matrices. 

 

Let a, b, c, d be real numbers and 

1 =
  (          ) 

,    i =
  (          ) 

,   α =
 (          ) 

,   φ =
   (         ).

 

 

Then 

 a1 + bi + cα + dφ 

is an intricate number, in which we define a1 as the real part, bi as the imaginary part, 

cα as the actual part and dφ as the phantom part. 

 

It is clear that  

a1 + bi 

acts as a complex number in the traditional sense. 

 

We have the following relationships 

 1
2
 = -i

2
 = α2

 = φ2
 = 1, 

 1i = i1 = i, 1α = α1 = α, 1φ = φ1 = φ 

and 

 -iα = αi = φ, iφ = -φi = α, αφ = -φα = i. �� 

 

If the ( ) matrix is a real 2 x 2 matrix, then its intricate representation is 

uniquely
 

 ½(e + h)1 + ½(f – g)i + ½(e – h)α + ½(f + g)φ. �� 
 

A matrix is invertible if and only if its determinant is non-zero. So under this 

invertibility 

 eh – gf ≠ 0, 

or to put it another way 

 Y� �D2
 + b

2
 – c

2
 – d

2
 ≠ 0. 

 

Thus the intricate inverse of 

e  f 

g h 
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a1 + bi + cα + dφ, 

where it exists, is  

Y-1
(a1 – bi – cα – dφ).� 

 

We can represent intricate numbers in a four-dimensional hyperplane, in a similar way 

to complex numbers in the Argand plane. 

 

By a Taylor series expansion, the Euler relation 

 e
iθ

 = cosθ + isinθ 

becomes, for intricate numbers α and φ, 

e
αθ

 = coshθ + αsinhθ 

and 

e
φθ

 = coshθ + φsinhθ. 

 

Thus 

re
iµ + αν + φλ

 = re
iµ 

e
αν

e
φλ

 

= r{[cosµcoshνcoshλ – sinµsinhνsinhλ]1 

+ [sinµcoshνcoshλ + cosµsinhνsinhλ]i 

  + [sinhνcosµcoshλ + coshνsinµsinhλ]α 

+ [sinhλcosµcoshν – coshλsinµsinhν]φ}.� 
 

We point out that by multiplicative non-commutativity 

e
(α + φ)θ 

= e
αθ

e
φθ

  ≠ e
φθ

e
αθ

 = e
(φ + α)θ

. 

Rather than retain commutativity for exponentiated addition by other means, we adopt 

the non-standard procedure of considering adding intricate exponents relative to the 

ordered basis  

 {1, i, α, φ} 

since here additive order now affects multiplication. 

 

For matrices A, B and X, the solution of 

AX = XB 

is given by the familiar 

 B = X
-1

AX, 

but under what conditions is the above independent of X? For intricate expressions 

x = x11 + x2i +x3α + x4φ 

a = a11 + a2i + a3α + a4φ 

b = b11 + b2i + b3α + b4φ 

commutativity holds under the transformation α → φ, φ → α, a1 →b1, a2 →b2, a3 

→b3, a4 →b4. Hence to be independent of x, x3 = x4. 

  

In general, xa = ax if and only if 

xa = [x11 + x2i +x3α + x4φ][a11 + a2i + (x3a2/x2)α+ (x4a2/x2φ)] 

with x2 ≠ 0, or x2 = 0 and 

xa = [x11 +x3α + x4φ][a11 + a3α+ (x4a3/x3φ)] 

with x3 ≠ 0, or x2 = 0, x3 = 0 and  

xa = x11[a11 + a2i+ a3α] 

or 

xa = [x11+ x4φ]a11. 
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We define hyperintricate numbers, Bn, as follows. For GL(2), ‘+’ is defined as the 

intricate number 

a11 + b1i + c1α + d1φ 

and ‘–’ as the intricate number 

-a11 – b1i – c1α – d1φ. 

 

Recursively for GL(2
n
), we define 0 as the zero GL(2

n-1
) matrix, ‘+’ as a general 

GL(2
n-1

) matrix and ‘–’ as the GL(2
n-1

) matrix with entries minus those of ‘+’. 

 

Then if an, bn, cn and dn are real numbers, starting with the following notation for the  

hyperintricate basis of Bn, 

�������Bn-1 1 = (     ),        Bn-1 i =  (     ), 

 

�������Bn-1 α = (     ),       Bn-1 φ =    (     ), 

we can define a hyperintricate number ∈ Bn as 

anBn-1 1 + bnBn-1 i + cnBn-1 α + dnBn-1 φ. 

 

Alternatively, if AB and CD are hyperintricate basis numbers for n = 2, where A, B, C, 

and D = 1, i, α or φ 

then 

(AB)(CD) = (AC)BD 

and 

A -B = -(AB) = (-AB). 

 

More generally, consider instead of stepping down a further subscript level to expand 

this out, introducing a comma, thus: 

 AB,C 

so that 

(AB)CD,EF = (AC,E)(BD,F). 

 

 

 

 

 

 

 

6. 0LK�LOHVFX¶V�WKHRUHP. 

 
No representations of primes are of the form 

 Ξ = γtp
 – δvp

, 

except possibly for the cases equivalent to t and v having no common factor other 

than 1, with either p = 1, or p prime and γt
 – δv

 = 1.  

 

Proof. Apply the above general prime representation theorem to  

(γ↑t)↑p  – (δ↑v)↑p, 

so that either p = 1, or p is prime and 

 γ↑t – δ↑v = 1. 
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In the latter case, if t and v have a factor k ≠ 1 in common, say t = ku and v = kw, then 

we would have a prime 

(γ↑u)↑(kp)  – (δ↑w)↑(kp), 

a contradiction by this theorem above. If p = 1, then either t and v have a prime or 

non-prime factor k ≠ 1 in common, reducing to the previous case, or k = 1.���� 

 

The theorem above has the corollary: No number of the form 

 γ↑((tp)
u
) – δ↑((vp)

w
) 

with p, u, w > 1 is prime. 
 

Alternative proof. The second FSFT allows an m > 1 factorisation.�� 

 

There are many solutions of γ↑t – δ↑v = 1 for t = 1 or v = 1, also 1↑t – 0↑v = 1. 

Catalan’s conjecture states that 3↑2 – 2↑�� ���LV�WKH�RQO\�RWKHU�H[DPSOH��0LK�LOHVFX¶V�
proof of Catalan’s conjecture has appeared in print [23] and is accepted as correct and 

valid [7], [22], [25].  
 

Our theorem above for prime Ξ = γ↑tp – δ↑vp has the following implication. 

If Ξ = γ↑tp – δ↑vp is prime and p, t, v ≠ 1, then p divides 

 Ξ – 1 = 9↑p – 8↑p – 1. 
 

Proof. γ↑t – δ↑Y� ����VR�E\�0LK�LOHVFX¶V�WKHRUHP��γ = 3, t = 2, δ = 2 and v = 3. By 

Fermat’s ‘little’ theorem, if p is prime (as it must if p ≠ 1) then p divides the sum of  

γtp
 – γt

 and δv
 – δvp

, so p divides 3
2p

 – 2
3p

 – 3
2
 + 2

3
.�� 

 

Let Ξ = γtp
 – δvp

, with p odd prime. Then for some s 

Ξ = 4s – (x + 1)[γ2t
 – (x + 1)γt

 + (1/3)(x – 1)(x + 3)] 

with 

γt
 – δv

 = 1 + x. 

p divides Ξ – x – 1. 

 

Proof. Put γt
 = (4r + 1 + u) and δv

 = (4r + u – x) from the differences of prime powers 

theorem in section 5, with r = 0. The divisibility result is a direct transcription of a 

theorem preceding that one.�� 

 

A corollary to one of our section 5 generalised factorisation theorems is 

Let p = (2↑k0)Π(i = 1, n)(qi↑ki), where the qi are distinct odd primes, t and v are 

coprime and γ > δ ≥ 1. Then 9↑p – 8↑p has at least Σ(i = 0, n)ki factors. If it does not 

correspond to this case, then γtp
 – δvp

 has at least 1 + Σ(i = 0, n)ki factors.�� 

 

Consequently our interest now concentrates on where t and v have no non-trivial 

common factor and γ↑t – δ↑v is prime. A more general expression may be written as 

Ωp = η(γp
) + θ(δp

), with p odd, η = γt – p
 and θ = ±(δv – p

), so the LCFT provides 

primality constraints.  

 

Example. Define the exponential commutator by 

Ec = (γ↑δ) – (δ↑γ) 
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and the exponential anticommutator by 

Ea = (γ↑δ) + (δ↑γ). 

 

We will consider the case for Ea where δ = 2
q
, and assume Ea is odd, so γ is odd. A 

similar example holds for Ec. To apply the LCFT, we choose p = 1, so we write Ea as 

Ea = [γ↑(2
q
 – 1)].γ + [2

qγ – 1
].2. 

 

For the p = 1 case, X = Y = 1, leading to 

Ea = ½[[γ↑(2
q
 – 1) + 2

qγ – 1
](γ + 2)  

+ [γ↑(2
q
 – 1) – 2

qγ – 1
](γ – 2)]. 

 

So if [γ↑(2
q
 – 1) + 2

qγ – 1
] and [γ↑(2

q
 – 1) – 2

qγ – 1
] have a common factor c, then both 

 mc = [γ↑(2
q
 – 1) + 2

qγ – 1
]  

and  

nc = [γ↑(2
q
 – 1) – 2

qγ – 1
], 

giving 

(m – n)c = 2
qγ

, 

which is a contradiction with the statement that c is odd.  This means [γ↑(2
q
 – 1)  +  

2
qγ – 1

] and [γ↑(2
q
 – 1) – 2

qγ – 1
] are coprime, as are similarly (γ + 2) and (γ – 2).  

 

Hence to search for a factorisation of Ea, e.g. Ea = 25 + 32, a good choice is to look 

for common factors between [γ↑(2
q
 – 1) + 2

qγ – 1
] and (γ – 2) and between [γ↑(2

q
 – 1) 

– 2
qγ – 1

] and (γ + 2). If such a factor exists, then Ea is not prime.  
 

Computationally, the representation of 2
qγ – 1

 is simple in binary, and for large γ we are 

looking for factors of (γ – 2) and (γ + 2).  �� 

 

We can distinguish special cases of  

Ωp = ½[(γ↑(t – p) ± (δ↑(v – p)))(γ + δ)X + (γ↑(t – p) ± -(δ↑(v – p)))(γ – δ)Y]. 
 

If p = 1, then X = Y = 1. On the other hand, if, say, t > v, if v is odd, we can put v = p, 

whereas if v is even, we can put v = p + 1. These three special cases are then Ω1, Ωv 

and Ωv – 1. Explicitly 

Ω1 = ½[(γ↑(t – p) ± (δ↑(v – p)))(γ + δ) + (γ↑(t – p) ± -(δ↑(v – p)))(γ – δ)], 

Ωv = ½[(γ↑(t – p) ± 1)(γ + δ)X + (γ↑(t – p) ± -1)(γ – δ)Y] 

and 

Ωv – 1 = ½[(γ↑(t – p) ± δ)(γ + δ)X + (γ↑(t – p) ± -δ)(γ – δ)Y].�� 

 

Cyclotomically, we can write 

Ωp = a[γ↑(t/p) – (±ωp)(δ↑(v/p))] 

(1/a)[ Σ(s = 0, p – 1)[(γ↑(ts/p))((±1)↑(p – 1 – s)/p)(δ↑(v(p – 1 – s)/p)], 

where we have introduced a pth root of unity, ωp, which equals 1 in the real case, and 

a number a to indicate the factors in [ ] are not unique.�� 
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7. Fermat’s Last Theorem and Beal’s conjecture. 
 

Masser’s ABC conjecture states that if γ(n) is the largest squarefree divisor of n, then 

for each fixed ε > 0 there are at most finitely many coprime positive integer triples a, 

b, c with  

a + b = c, γ(abc) < c
1–ε

.  
 

A special case that has been proved is the Fermat-Catalan conjecture, which asserts 

that if x, y and z are coprime and 1/p + 1/q + 1/r < 2 then there are finitely many 

x
p
 + y

q
 = z

r
. 

The absence of solutions for x, y, z coprime when p, q, r > 2 is conjectured.�� 

 

We make some minor remarks about Fermat’s Last Theorem. 
 

If x
p
 + y

p
 = z

p
 where x, y, z and n < p are positive ∈ N, then 

x
p-n

 + y
p-n

 > z
p-n

. 
 

Proof. z > x, so z
n
 > x

n�and z
n
x

p-n
 > x

p
, with similar statements for y instead of x. Thus 

z
n
x

p-n
 + z

n
y

p-n
 > z

n
z

p-n
.��� 

 

Corollary. If x
p
 + y

p
 = z

p
, then x + y – z is positive.�� 

 

Let p and q be prime, with q < p and 

x
p
 + y

p
 = z

p
 

as before. Then 

x
p-q+1

 + y
p-q+1

 – z
p-q+1� ��TPq  

(or� �TPq for�T� ���DQG� ��TPq for q = 3) for some natural number�Pq. 
 

Proof. By Fermat’s little theorem, write x
q
 –�[� ��TRx, y

q
 –�\� ��TRy and z

q
 – z = 

�TRz (where instead, for q = 2, x
q
 –�[� �TRx, etc. and for q = 3, x

q
 –�[� ��TRx, etc.). 

+HUH�Rx��Ry�DQG�Rz are given by the ‘explicit’ Bernoulli formulae. Then 

0 = x
p-q

(�TRx + x) + y
p-q

(�TRy + y) – z
p-q

(�TRz + z)  

   = -�TPq + (x
p-q+1

 + y
p-q+1

 – z
p-q+1

).�� 

 

Corollary. The conditions of the above converse to Fermat’s Last Theorem imply 

      x
p-1

 + y
p-1

 – z
p-1

 = 2P2, 

      x
p-2

 + y
p-2

 – z
p-2

 = 6P3, 

       … 

      x     + y     – z     = 6pPp.�� 

 

[further inserts will be made] 

 

The following formula was used by Euler in proving Fermat’s last theorem for n = 3: 

 (na
2
 + b

2
)(t

2
 + nu

2
) = n(at + bu)

2
 + (nau – bt)

2
. 

 

The formula used in the proof of Lagrange’s theorem that every natural number may 

be represented by a sum of four squares is related to quaternionic multiplication where 
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 e↑(iθ + jρ + kσ) = (cosθ + isinθ)(cosρ + jsinρ)(cosσ + ksinσ) 

– the exponential addition is non-abelian – and can be extended to a formula similar to 

Euler’s above: 

(na
2
 + b

2 
+ c

2 
+ d

2
)(t

2
 + nu

2 
+ nv

2 
+ nw

2
) =  

n(at + bu + cv
 
+ dw)

2
 + (nau – bt + ncw – ndv)

2 

+ (nav – ct + ndu – nbw)
2 

+ (naw – dt + nbv – ncu)
2
.�� 

 

 

 

 

 

 

 

8. A Model for Non-Associativity. 
    

Non-associative operations (we will denote these by *), acting on elements a, b, c of a 

set – we mean this: 

(a * b) * c ��D�
��E�
�F� 
are quite prevalent in mathematics.  

 

An example is the octonions, otherwise known as Cayley numbers, discovered by 

Graves in 1843 [1], [2]. Multiplication of octonions, say a, b, c, is non-associative: 

 (ab)c ��D�EF�� 
 

A more obvious example is exponentiation, since in general for real numbers a, b, c 

(a
b
)
c
 ��D(b

c).  

 

An objective of category theory is to mimic the behaviour of compositions of 

functions (i.e. mappings), which are borrowed from the ideas of addition, 

multiplication and exponentiation of numbers or matrices. Thus the idea of addition is 

able to transmute to direct sums – disjoint unions of sets – otherwise more generally 

known as coproducts. The idea of multiplication can become the idea of Cartesian 

products – putting pairs of elements of a set together – otherwise more generally 

known as products, and the idea of exponentiation might become exponential 

mappings – related to adjoints. [3] 

 

Because category theory, or its generalisations, underpins much of mathematics 

(strictly speaking, however, category theory deals with associative mappings), it is 

desirable to have a model for non-associative operations. 

 

If we look at multiplication, we know we have a model for non-commutative 

multiplication with matrices, that is, if A and B are matrices, then 

 AB ��%$ 

in general. However, matrices are associative 

 (AB)C = A(BC). 

 

Nevertheless, it is possible to change the multiplication algorithm so that it is non-

associative. 
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It would be desirable, however, to maintain some nice properties of matrices, i.e. that 

a non-singular matrix has an inverse – we mean here the determinant of the matrix 

(the n dimensional hypervolume of a parallelepiped, in which those edges through the 

origin are given by the n vectors from the rows or columns of the matrix) ���� 
 

We proceed to swim by first putting our toe in the water. 

 

For a matrix B we can form the transpose B
T
 by swapping rows with columns. This 

means we can define a new type of matrix multiplication by 

 A * B = AB
T
. 

Then in general 

 (A * B) * C = (AB
T
)C

T
 = A(B

T
C

T
)   

��A * (B * C) = A(BC
T
)
T
 = A(CB

T
). 

 

We note that since the inverse B
-1

 of B satisfies 

(B
-1

)
T
 = (B

T
)
-1

 

we have an inverse “A
-1

” for A under the * operation 

 A * “A
-1

” = A((A
T
)

-1 
)
T
 

so 

“A
-1

” = (A
T
)
-1

. 

 

Instead of swapping rows and columns to form the transpose, we could also, for 

example, invert the order of the B matrix, so the last row or column becomes first and 

the first becomes last, and similarly invert elements in between. 

 

Rather than proceed with this example, we dive into the deep end with a further 

generalisation. 

 

Consider the elements (b11, b12, b21, … etc.) of the matrix B. We form a permutation 

pB of those elements. We now define 

A *p B = A(pB). 

 

It is clear that the previous examples are a special case of this. Generalising what we 

had before – we are using the Einstein summation convention here, repeated indices 

are summed: 

(pA)(pB) = (paij)(pbjk) = p(aijbjk) = p(AB) 

and 

(pB)
-1

 = p(B
-1

), 

so the inverse for A under the *p operation,  “A
-1

”, where p
-1

p is the identity 

permutation, is  

p
-1

(A
-1

), 

since 

A *p “A
-1

” = A(pp
-1

)A
-1

 = A(p“A
-1

”) = Ap(p
-1

A
-1

). 

Thus we have both inverses and non-associativity in general: 

(A *p B) *p C ��$�
p (B *p C). 

 

In passing, we note the following little result. Since (pA)(pB) = p(AB), if 

 pA = B, 

then 

 A = p
-1

B, 
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so 

 B *p B = (pA)(pB) = p((p
-1

B)B). 

 

We have not yet begun to swim in the open sea. 

 

We now note that under permutations 

 p, q, … r 

the inverses of A are 

p
-1

A
-1

, q
-1

A
-1

, … r
-1

A
-1

. 

Since A
-1

 is common to these, we may form linear combinations of these inverses: 

�.pp
-1���.qq

-1���«���.rr
-1

)A
-1

, 

where the sum  

 ��Q� �S��Q��.n = X, 

with X a real number. We now claim we have a general (finite) model for non-

associative multiplication. 

 

We know in the arithmetic of real numbers 

e
a
e

b
 = e

a + b
, 

so that exponentiation, multiplication and addition are related. The corresponding 

formula for matrices (but expressed with commutators) is the Campbell-Baker-

Hausdorf formula, given e.g. in [4], the content of which can be simplified as follows. 

The exponential map e
A
 of matrix A is 

e
A
 =  
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9. Superexponentiation. 
 

Superexponentiation involves the generalisation of addition, multiplication and 

exponentiation to higher-order operators. 
 

In order to develop notions (semantics) utilising superexponentiation, we believe it is 

necessary to develop a suitable notation (syntax), so that meanings can be expressed 

by symbolic manipulations – ‘meaning’ we think of as specific instances of mappings 

from symbolic or other representational manifestations to the world. 
 

To this end we introduce the superexponentiation ⇑ symbol. 
 

We shall adjoin a number, say n, to this operation, so that when n = 1 we are dealing 

with addition, when n = 2 with multiplication, and n = 3 with exponentiation. The 

higher-order superexponentiation operations, for n > 3, will be described inductively 

by stepping down to the (n – 1) case, and so on. 
 

Since exponentiation is, even for real numbers, not in general associative, i.e. very 

often (a↑(b↑c)) ≠ ((a↑b)↑c), we have decided on a representation that describes a 

regular nesting of brackets, so that when this regular nesting occurs, we may dispense 

with brackets. 
 

In particular, we introduce n⇑ to indicate nesting on the left, e.g. 

 (((a n⇑ b) n⇑ c) … n⇑ d) ≡ a n⇑ b n⇑ c … n⇑ d. 
 

When there is a danger of confusing (ai) j⇑ b with a (ij⇑) b we will introduce a < sign 

ai <j⇑ b or a <ij⇑ b. 
 

Lastly we introduce an alternative notation for the above, which we will use sparingly, 

for example when n is a complicated expression, for emphasis, or for calculation 

rather than display. This is 

<n⇑ for n⇑. 

 

For nesting on the right, we introduce a completely analogous notation, namely 

(a ⇑n  …(b ⇑n (c ⇑n d))) ≡ a ⇑n b ⇑n c … ⇑n d, 

the expression with a subscripted > sign 

ah ⇑ij> bk, 

and the equivalent non-subscript notation 

ah ⇑ij> bk. 

 

For comprehensibility, when non-associativity involves mixtures of n⇑ and ⇑n, we 

find it advisable to use the full panoply of distinguishable brackets, ( ), [ ] and { }, the 

order of preference from inner to outer nestings being in the order given. 
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