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1.1 Introduction.

In this outline of our conceptual work, areview largely based onelementary methods,
which have been common mathematical currency for over two centuries, we describe
explorations of the mathematical landscape cncerning global field theorems for
exporential powers.

In Section 12, we introduce an exporential notation.

Sedion 21 restates foundational rules for real exporentiation, providing proofs for
the basic ‘binomial exporent’ and ‘geometric exporent’ theorems.

Sedion 22 continues with new cyclotomic variants of the ‘Fermat subtraction’,
‘Fermat addtion’ and ‘linear combination’ factorisation theorems, the latter being a
formulathat is alinear combination d the previous two.

Sedion 23 develops in many variables the linea combination factorisation theorem.

Prime number, factorisation and dvisibility theorems are discussed in Sedion 3 In
particular, we obtain primality condtions not dealt with in most textbooks, e.g. for
‘generalised Fermat’ numbers, for positive natural numbers g or d > 1 and p we
prove that no number of the form ¢ + d” is prime, except for the possibilitiesp=1 o
p apower of 2. For ‘generalised Mersenne’ numbers, no representations of primes are



of the form ¢ — d°, except for the possibilitiesp =1, or d = (g— 1) and p pime. We
also discuss alinea combination d powers prime number theorem and continue with
adiscussion onfactorisation o pth powers ¢ + d”.

This Sedion also discusses developments of Fermat's little theorem, including
theorems conreded with redprocity. We prove by elementary methods that a prime p
= 4k — 1 has more quadratic residues in the interval [1, 2k — 1] than in [2k, 4k — 2].

Sedion 4analyses using elliptic curves the number of solutions mod 4 of differences
and sums of pth and dff erent powers.

A conrection d our cyclotomic and pdynomia methods with generalised Fibonacd,
Lucas, Tribonacci and Quad-onacci sequencesisdiscussed in Sedion 5

| would like to thank espedally Doly Garcia for discussions and Roger Goodwin for

his advice, and to thank the mathematics department of the University of Sussex in
providing facilities for checking some long computations on Quadronacci numbers.

1.2 The @ = a- b Ackermann-Knuth notation for exponentiation. [4]

We use sparingly a special symbaolism to oltain ou results andthink a suppementary
notation “- " for a b = & is auggestive and appropriate. “a- b” must coexist with the
current convention, so we would still use e.g. sin’g. This has the alvantages of being
more compad than exp{b}, complicated expressions beaome more visible and
simpler to ndate, long sequences of exporents of exporents become easy to write and
friendy online spacing, the choice between (a- b)- ¢ and & (bc) allows flexibility and
nuance, and because usualy a (b-c) ' (a b)- ¢, the nonassociative nature of
exporentiation becomes easy to specify.

2.1 Fundamental exponential theorems for real numbers.

Leta,b,...toh a,b,g dl R"benonnegativerea numbersandj, k, ... tozT N be
natural numbers. N starts from 1, unless O is otherwise indicated. Multi plication will
take precadence over exporentiation in implicit bracketing. We amit +[(-a)- (£p)]
and t[a (xb)] asterms, but not otherwise £[(-a)- (xb)].

Fadorisation d rea numbers, or of complex numbers a + ib, is not unique. Natural
numbers factorise uniquely, and there is a type of unique factorisation for Heegner
numbers, given by p+gG-1, p+ 02 or %(p + qOT), where -r isone of -3, -7, -11, -19,
-43,-67 a -163

Since exporentiationisin general not associative, we need to uncerstand badh sides of
(& b)-ct a (b-c), which is one of the principal objectives of our paper. Now
(ab-c=a((bxc),(@axb-c=(@c)x({c),a((b+c)=(ab)x(ac) andthe
binomial theorem is (a + b)-q = S(r = 0, g)[q!/r'(q — r)!]ab? ~'". We adopt the
conventionthat 0! = 1 andwritinglinearly put ax g= S(r =0, g—1) a, where the sum
isOifg=0,anda-gq=P(r=0,g-1) a wherethe produtislif q=0.



Of course, a (b- ¢) may be resolved immediately using the formula
& (b- (c+d)) =& [(b- ¢)(b- d)],
or equivalently
& (b- ) =a {d[b- (c—logsd)]}
={a [b- (c—logud)]}- d.

In comparison with the rule for a in terms of products above, the binomial theorem
for (1 + m)9 gives an indwctive formulafor p, p> 2, in terms of sums.
p'=a{ S(t=0p-3)[S(rp-2-1 =0,q-SU=0, t=Drp_>_)(1rp_>{)
[S(ro=0,9—-S(v=0, t)rp_2_v)(Uro![q—S(w =0, t + L)rp_o_w]HI1}.

Proof. We employ a proaf by induction. Using a new variable s, which starts from the
first term s = 0, the (s + 1)th term in abinomial expansion o (1 + p)%is
[q'/sl(q—s9)!][p- (@—9)].
Hence, putting s = ry_1, the sum of all these termsis
Azp,q = gH{ S(rp-1=0, Q)(Urp 1Y) [H(q—rp-2)!] [P- (A —Tp-1)]}
so since the binomial theorem gives
2-(q-r1) =(1+1)- (@—r1) = S(ro=0, g—ro{(q—ro)/[ro'(q—ri—ro)'l},
the binomial expansion, A1.+p, g, for (1 + p)- g, p = 2, isequal to ou postulated formula
3-g=q[S(r1 =0, q)(LriH{ S(ro=0, g— ro)[Lrol(q—r1—ro)'1}].
Now, assuming the formulafor p- r, withr =q—rp,_1 < g, above
Atp,q =9 S(rp-1=0, a)(Urp-1!) [V/(q—rp-)'] {(A—Trp-1)! S(t=0,p—3)
[S(rp-2-t=0,0=S(U=0, t)rp_1- u)(Urp_2- )
[S(ro=0,9—S(v=0,t+ rp_1-v)(Urol(q—S(w =0, t + 2)rp_1- w)HII}} .
Rearranging where t varies from 0 to p— 3, and cancdling terms
Al+p,q = ql{ S(t =0,p- 3)[ S(rp_1= 0, q)(l/rp_l!)
[S(rp-2-t=0,0=SU=0,t)rp_1- u)(Urp-2-)
[S(ro=0,q-S(v=0,t+rp_1-v)(A/rol(q—S(W =0, t + 2)r,_1_w))1}}
so the secondline summation starts from rp_». Thisimplies
Arpq=q{S(t=0,p—-2[S(rp-1-t=0,q—S(U=0,t—Drp_1- ) (Urp_1_+)
[S(ro=0,q—-S(v =0, t)rp_1-v)(Lrol(q—S(w =0, t + 1rp_1_ w))]l},
where t varies from O, then 1 (e.g. rp_» sum) to p—2, that is, A+p g = (1 + p)- Q.

Using a (S(j = 0, k) ) = P(j =0, k)(& z), & (p- g) can be expanded ou using the
above formula to give the binomial exporent factorisation theorem (BEFT), or
expanded ou fully as n- (p- ).

The geometric exporent factorisation theorem (GEFT) for a- (b*) is
a (O =a{P(r=04q-1) a [(b°-Db]}.

Proof. Consider the geometric series
S,=a+ab+ab®+... ... +ab™.
Thesumis
S, =a[1-b" " Y[1-bT.
Insert a = [b°— 1] and n=q— 1. Then the sum becomes
[0 —1] =[b°=1{(O)-0+ ()-1+... ... +(09- (q-1)},
yielding
a[b-1=P(r=0,q-1 a {[b°—1][b"* 1]}.



The geometric series is related to cyclotomic equaions, studied in the generalised
Fermat factorisation theorems of section 22.

Incidentally, when the arithmetic (a special case of Bernouli) series formula
9D =[P(r=0,q)a

is combined with the GEFT above, it gives the result
a=(@"?{P(r=0,0) & [(4r - 32(q + 1))/(2q + 3)]},

which reduces to
q="2+S(r=0, q)[(4r - 32(q + 1))/(2q+ 3)],

as can be reconfirmed by routine calculation. A permutation d the argument gives
q=-3/2+S(r=0, g)[(4r—3/2(q + 1))/(29- D).

Proof. We give aproof motivated by exporentiation. The aithmetic series aum is
S(r=0,0q)r=q(q+1)/2,
thus
AV =[P(r=0,q)ad]%
Now
q@+1) =@+ %)’ -va
It foll ows that
a (q+¥w)?=a’[P(r=0,q)a".
Applying the geometric formula gives
a(q+¥%)°=a(P(r=0,1) & [(q-*A)(q +¥)- ]}
=da (q-")|[a [(q-"2)(q + Y2)]]
=da (q-")]- (9 +3/2).
We deduce

[a (q-1)]°" %P =a*[P (=0, g,

the last product having q + 1 factors, fromr = 0tor = g. Thisright hand side is
[a-3(q + 1)/4(q + 1)][ P (r — O, q) a2r] =P (r — O, q)a(Zr—3/4(q + 1))

Thus exporentiating by 1/(q + 3/2)
[&97] = P(r=0, q) [a (2r— 3/4(q + 1))]*"?,

giving
a=a"?P(r=0, q)a (4r—3/2(q+ 1))]Y®*3,

If instead we interchange (q —%2) and (q + 3/2) and exporentiate by 1/(q —%2)
a=a%P(r=0, q)[a (4r —32(q+ 1))V ",

2.2 Generali sed cyclotomic Fermat factorisation theorems.

The gth Fermat number isFq=2-(2-q) + 1. SoFo=3,F1 =5 F, =17, F3 =257, F4 =
65537and Fs = 42949672970ur theorems relate to generalised such Fy. As Fermat
knew, the extended Mersenne number Fq—2 = P(r = 0, g — 1)F.. The second Fermat
subtraction factorisation theorem example contains this result for a, p=2 and f = 1.

An example of the first Fermat subtraction factorisation theorem (first FSFT) is
a () ={[& (" H-Y[S(s=0, p—Di(a (0 )-lI} + 1.

Thefirst FSFT is
a [(op)] —1- [(gp)"] =
{[& (bp)°~H1°=[f- (9"~ H]°H S(s=0,p-1)
[(a [(op)°~™)- bsI[(F- [(gp)"~*1)- a(p— 1 9]}



Prodf. Introducing a = ¢ and b = d”, we explore the cyclotomic formula
F-P=@g-d(@ '+ Hd+ P+ ..+ P,

which can be written in the form
a—-b=[a"-b"™{S(s=0, p-1[a*f|[b* P ~}.

We obtain ou result using

a=a [(bp) = & [(bp*(bp°~'] = (& [(bP)°~])- bp
and similarly

b =f- [(gp)"] = (F- [(gp)"~])- gp.

An example of the secondFSFT is
a (pY) —f- (p) =[a-f1P(r=0,g-1)
{S(s=0, p—Dla (s NIIf- (P—1-9(E" NI}

The seand FSFT for freeparameter mis
a ((bp)) —f- ((gn)") =
{a [P~ ™] —f- [@") ()"~ M}
P(r=0,m-1){S(s=0, p—D[a (bs((bp)°~*)(b- )]
[f- (@ — 1-9)((gn)" (- M}

Proof. Consider the identity
¢ (M) —d M = (¢ (" H —d- (")
{S(s=0,p-DI(g " - sll(@- (" )- (p—1-9)]}.

Theterm (g (p™ %) —d- (p™ 1)) can be replaced for an nth general recursion to give
g @M -dE=(@ E")-dE")
Pr=0,n{S(s=0,p-1)
[(& @™ )- 8@ ") (p-1-9)]}.
Hence allocating the maximum nth replacement to m — 1, our star equationis

*) g @E)-d@E")=[g-dPr=0m-1{S(s=0p-1)
[(@ (P 7)- sl (" 7)- (P-1-9)}.

Put
a=a ((bp)")
=g (P"),
leading to
9=¢ (p- 9 =g [(P)PM] =g p"]- (P
=a- (p").
Now, as can be confirmed by multiplying bath sides by (b- -m),
p--m = (bp)™b",
S0

g=a [b"((bp°™ ™).
If we likewise dlocate
b=f- (gp%“
- =d(p),
reducing to
d=b-(p™)



then we obtain similarly
d=f-[g"((@n)" "]

In consequence
a ((bp)?) —f- ((gn)") =
{a [0"(bp)°~™)] —f- [g"(ap)" "}
Pr=0,m-1{S(s=0,p-1)
@@ - slib- (7)) (p-1-9)])-
For the first of the last two termsin[ ], assign
a=a ((bp)°)

Pt~ =[(op) b .
Then thisterm s

{& [bs[(bp)°~* 16T}
and the secondterm is by similar process

{f-[gp-1-9)(gp)" *"1g7}.

The first Fermat addtion factorisation theorem (first FAFT) states:
Letg,pT N beodd nunbersand hi N. Then
a ((bp)?) +f- ((9p)") =
{(a [(bp° "+ (f- [(g0)"~)*H S(s=0,p-1)
[ [(bP)°~])- bS][(-h)- [(@P)"~])- g(p—1-9)]}.
Proaf. Introducing
a=¢,b=d,
werevisit thefirst FSFT equation
a—b=[a""-b™| S(s=0, p—-[(@*)[b' "~}

Using
a =a (bp)°=a [(bp)(bp)°~] = (& [(bp)°~"])- bp
and similarly

b =f-(gn)" = (f- [(gp)"~"])- gp
gives, uncer the transformation b ® -b, that b*? changes sign asd ® -d, since p is

odd, which transformsf ® -f, sincegpisoddin b = f- (gp)". Hencethe result.

and

The second Fermat addtion factorisation theorem (second FAFT) for free parameter
m states:
Let gandpl N beodd numbersand hi N. Then
a ((bp)°) +f- (gn)") =
{a [(bM(bp)°"™ +f- [(@")(@p)" "}
P(r=0,m-1){S(s=0, p—1[a (bs[(bp)°~*~"1b")]
[(-h)- (a(p—1-9)(g0)" 19N}

Proof. The condtions are identicd to the first FAFT, and the proof follows by close
analogy with the second FSFT proof. In perticular, we note the following result,
suitably amended, i.e. we have performed the transformationd ® -d.
(**) g (-m)+d-(p-m) =[g+dP(r=0m-1){S(s=0,p-1)

[(g [p- (M —1-n)])- SI[((-d)- [p- (M—=1-1)])- (P—1-9)]}.



We subsequently identify e, h, q1 C as complex numbers, e = 2.718...andi = O-1.
We now relax our condtions, to allow complex arithmetic on, but not further non
real operations within, for example, a- b = e- (ipg/p) terms. A way of doing thisis to
consider a- b expressions as cadars and complex numbers as vectors. Thisis an idea
foundin K theory.

We have stated that our factorisation theorems give unique factorisation when applied
to natural numbers up to arder of factors.

For complex cyclotomics as used in the next lemma, uniqueness of fadorisation
depends on the dass number [30]. That is why, in section 3 on pime number and
factorisation theorems, we prefer to use formulae developed for the real case.

The next FAFT theorems have FSFT analogues. Hereis Lemma 1
d+d°=P(s=0, p-1[g-d(e ip(2s + 1)/p)].

Proof. We first note that the leading term in the expansionis ¢f. Thetrailing term is
(-d)°(e- ip[ S(s= 0, p—1)(2s + 1)/p]).
Now the following arithmetic series sum has the value
S(s=0,p—1s=p(p-1)/2,
so the S summationin [ ] aboveis
[2(p(p—1)/2) + pl/p = p.
Hence, irrespective of whether p is even or odd sincee- ip(2s + 1) = -1, the trailing
termis d”.

Now consider the nth term in the expansion. If n* O o p — 1, it consists of a
summation
S(r=0, med "d"

each g isthe product of n factors (e- ip(2t + 1)/p), where the product terms range over
al combinations of t from Oto p— 1. If S;& * 0, it consists of a non-zero vector in the
complex plane. Permute the roots under the gyclic transformations ® s+ 1. Then e
® (e 2pin/p)er * &, and Sie remains the same, since it consists of the sum of all
combinations. The rotation d roots implies the complex sum vector must also be

rotated by an e multiplication?® 1, a contradiction uriess the sumis zero.

The third Fermat addtion factorisation theorem (third FAFT) is
a ((bp)) + - (Gn)) = P(s= 0, p-1)
{(a [(bP° 1) = (- [(gp)"~ 1)%(e- ip(2s + 1)/p)}.

Proof. Put
a=d¢, b=d"
Then using lemma 1, we obtain
a+b=P(s=0,p-1[a’?-b(e ip(2s+ 1)/p)]
and with the substitutions
a=a (bp-c) =a [(bp- (bp- (c-1)] = (& [bp- (c—1)])- bp

b =f- (gp- h) = (f- [gp- (h—1)])- gp,
this results in the theorem.

and



Lemma 2 Let p = j(2- k) with j oddandk non-negative. Then
e (ip(2s + 1)/p) = (-1)- (Up) =01
hasareal roat (whichis-1) only for k = 0.

Prodf. Let k = 0, so pisan oddnumber. By applying - (1/p) to the equations below
1=(-1-p

isasolution, for p odd soPO1 hasared roat, -1. If k * 0, then pis even, implying
-1 (-1)- pand-11t 1- p.

The norm of theroot is 1, so there ae noreal root of -1 posgbilities for p even.

The fourth Fermat addtion factorisation theorem (fourth FAFT) states:
Let pT N be an oddnumber. Then for freeparameter m
a ((bp)?) +f- ((90)") =
{a [(b™)(bp)° ™™ +f- [(@")(ep)" "}
Pr=0,m-21{P(s=0,p-1, omit (p—1)/2)
[(a (b[(bp)°~*~']b")
— (f- (l(em)"~* ~1))(e- ip(2s + 1)/p)]}.

Proof. Consider the following factorisation identity, beginning with the ‘red roaot’
case, which correspondsto s= (p —1)/2, so by lemma 2, pis odd
¢ (p-m) +d-(p-m) ={g (p- (m-1)) +d- (p- (m-1)]}
P(s=0,p-1, omit (p—1)/2)
[¢ (p- (m—1)) —[d- (p- (M- D))](e- ip(2s + 1)/p)].
The term {g- (p- (m — 1)) + d- (p- (m — 1))} can be replaced for an rth general
recursionto give
¢ (p-m) +d-(p-m) ={g [p- (M-1-n)] +d-[p- (M-1-n)]}
Pr=0,n[P(s=0,p-1, omit (p—1)/2)
{g[p- (m-1-1)]—(d-[p- (m—-1-n)])(eip(2s+ 1)/p)]}.

Hence alocating the maximum nth replacement to m — 1, our equationis
¢ (p-m)+d-(p-m) =[g+dP(r=0m-1){P(s=0, p—1, omit (p—1)/2)
{g[p- (m-1-1)]—(d-[p- (M—-1-n)])(e-ip(Zs+ 1)/p)}}.
Our substitutions now follow the steps of the second FSFT. Put
a=a (bp-¢) =g (p- m).
Werecall thisleadsto
g=a- (p- -m) = a- [(bp- -m)(b- m)] = & [(b- m)(bp- (c —m))].
If we likewise allocate
b =f- (gp- h) = d- (p- m),
then we obtain similarly
d=f- [(g- m)(gp- (h—m))].

Consequently
& (bp-c) +f- (gp-h) =
{a [(b- m)(bp- (c—m))] + - [(g- m)(gp- (h—m))]}
Pr=0,m-1D{P(s=0,p-1, omit (p—1)/2)
[@-[p- (-1=1)]) = (b-[p- (-1 -1)])(e- ip(2s + 1)/p)]}.

For the first term of the last expressonin|[ ], assign
a=a (bp-c



and

p- (-1-r) =[bp- (-1 -n](b- (1 +1)).
Then thistermis

{a (b[bp- (c—1-1)](b- )}
and in comparable manner the seoondtermis

{(f- (dlgp- (h—1-n)](g- N))(e-ip(2s + 1)/p)}.

Under the FAFT constraints, say p odd each o the FAFT and FSFT equations is
equivalent by “if and ory if” equivalence to the identity (g, d) = (g, d), so under
FAFT constraints their equaliser (intersection) is also equivalent to this identity. Thus
we @n also form linear combinations of FAFT and FSFT equations. These theorems
we call linear combination factorisation theorems — LCFT. Here is atypical example.

Letgandpi Nbeodd h1 N.Put
A=a [(b")(bp)° ™"
B=1-[(g"(gp)" "
Cr=S(s=0, (p—1/2){a (2bs](bp)°~*~"1b")}
{f- (9(p—1-29)[(gp)" 10}
Dr=S(s=0, (p—3)/2){a (b(2s+ 1)[(bp)°~*~"b")}
{f- (9(p—2-29)[(gp)"*""1d)}-

hla- ((bp))] + alf- (gp)")] = %2I(h + A)(A + B)P(r=0,m-1)(C,~Dy) +
(h—g)(A-B)P(r=0m-1)(C + D).

Then

Our formulafor difference of powers may be generalised by putting g = jk and
d'—d'=[(g- k) = (d- K{ S(s=0,j - D[g ks][d- k(j —1-9)]}.

Acoordingly, with j = 2", wy; a primitive 2jth root of unity and kodd

. g'+di= [(g k) + (Wyd)- KI{S(s =0, ] — D)[g- ks][(-wyd)- k(j —1-9)]},
or with the samej = 2" and k odd

g'+d'=[(g 2" + (d- 27)]
{S(s=0,k—1)[g 2"s|[(-(d- 27)- (k- 1-9)]}.

This can be compared with the binomial identity
g+ d"=[(g k) + (& K’ -
{S(s=1j-DI( - DYs!(j —1-9)!][g ks][d- k(j —1-9)]}.

Thus for g even as above an optionis
Z =h(d) + q(d
=¥[(h +q)(g- [2"] + d- [2)U + (h —a)(g [2"] - - [2])V],

U=S(s=0,k-1[g (2"9){[-(d- 2)]- (k- 1-9)}

with

and
V=5(s=0k-1[g (2"9){d [2"(k—1-9)]}.

The general LCFT formulafor any p isthen
Z =Y (1 - (-1)P)(formula for oddp) + (1 + (-1)°)(formula for even p)].

1C



2.3 Extension of the LCFT to many variables.

We now give amodified example of the LCFT (note that here firstly, p is odd)
Z=h(g p) +q(d-p) =¥ (h + g)(g+ d)X + (h —a)(g—d)Y],

generated from essentially g replaced by the sum of variables S(i = 0, n — 1)g, andd

replaced by the sum S(i =0, n—1)d.. Thisis aiitably general, because if, for example,

there are less variables d; than g, say j of them, we can set d; to zeroforj <i< n-1

We will first give an example restricted to the case n = 3.

The multinomial theoremis

(@+q+ ... +h-1)"=Sp/(polpr! ... Po-1)[(@- Po) - (Gh-1- Pn-1)],
where the sum is extended over all nonnegative p with Sp; = p.

For example, if n=3 = p, then
@+ &+ ®)° = (@+ 3™+ 310 + (& 3™+ 307)a + (@™ 307+ 30°) @
+ 6.

Let p be odd Then the exparsion o

(w+a+...+g-1)F
can bewritten asa sum

Sy,combinaiionsfory Jr x(g g<)
where the number of terms in the sequencer, ... x is'y, with y odd < n and each
coefficient J ... x isinvariant under any transformationgs ® -gs, r > s> X.

Proof. Each term in the expansionis a scdar, a, times a product Pg", with Sq=p, p
odd This may be represented by aP;g“Pkgc’, with ueven and v odd Hence it may be
represented by even parity terms invariant under gs ® -gs given by aPjg"Pyac’ ~ !
each multiplied by odd mrity terms (g ... &) = P«g. Colleding together all the even
parity terms, we put

J... = Siaing“Pkg<"‘l.

If there exists any term J ... xP Gk, where k ranges over an even number of values,
then J ... x= Sia;Pg", where Sw is even for eadh i, since J, ...  is of even parity,
which contradicts for each i that p = Sw + the range of k values, is odd Hencey = the
range of k values, is odd

If p>n, with p, n odd then the number of J, ... x termsis "1t p < n, the number of
termsis
S(k=0, (p—D/2)[n/(2k + 1)!(n—2k—1)'].
Prodf. If p > n, then the number of terms is the number of combinations of oddg ...g
=n+nn-D(n-2)/23+ ... +nl/2k+ ) (n-2k-D! + ... + 1
=1+ 1)"=2""1
If p<n,nodd itisthe same series truncated after the ¥(p + 1)th term.

Consider forn= 3, p odd
(+q+®)°—(do+di+h)°=[p+th+G—do—0h —d]
[S(s=0,p—D[(p+ % + P)-S|[(do + i + dp)- (p—1-9)]],
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which by the a&ove theorem can be equated to

Joto + hth + B + Jo12GohP + Kodo + Kt + Kods + Koy 2othdy,
where if p were = 1 then we would have Jy12 = Ko12=0.

We wish to add together the following combination
al(w+ o+ @)’ —(do+ iy + )] + &[(-gp + o + B)° — (do + 0y + )]
a[(@—+ @)’ —(do+ di+d2)"] + bo[ (@ + G + B)° — (-do— L — do)”]
bi[(% + o1 + &)" — (do — dy — do)°] + bo[ (@ + G + B)° — (-Co + d1 — ).

This linear combination may be equated to
hoJo + h1J1G1 + hodo® + ho12J01200 +
QoKodo + 1K 101 + 02K 202 + Qo12K 01200010,

where, for example,

Jo% = (-Jo) (-)
e = (-J1) (o) (o) (%)

giving
ho=a—a+a+bo+b+b
hi=a+ai—a+bo+br+hb
ho=ay+a+a+by+b+b
-Qo=ao+a+a—b+b —b
-Qi=at+at+a—bg—bi+ Db
=@t at+a—lbp—b—bs.

We also have the suppdementary equations
hoiz=ao—ar—a+ b+ by + b
-Qor2=a0+a+a—bo+by+by.

A little linear algebra then gives
a = (h2 - ho)/z,

&= (h,—hy)/2
and

= (ho + hl— hz—Qz)/z.
Likewise

by = (02— qo)/2,

b= (02— 0qu)/2
and

bo= (0o + g1 — Q2+ h2)/2.

These results, easily extended to many variables, imply
hoi2=ho+h;1—h;
and

(o12= Qo + g1 — 02.
We can express b, Jith L and Jo12pth@p interms of (¢ + o + )P

=Y (@ +a+ )’ - (p+a+ P’ +(@-at+ )"+ (@+a-).
I =Y (@ +a+ P’ +(p+ta+e)’ - (w-a+)’+(@+a-9)7.
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e =Y{( @+ a+ )+ (-+a+t B+ (-0t R - (@+a-).
Jo1200 P = V(@ + a+ R - (Bt a+ R - (H-%+ R’ (>t % -]

We now introduce the symbd Xuw,xyz, in which uis O if gyis positive, and uis 1 if g
is negative, and similarly with v for gg and w for . We aopt a similar type of
convention for x, y, z with resped to do, d; and d,. Thus we have the expressionfor p
odd

(B+aq+®)"—(do+di+d)’ = [+ &+ G —do— i — d2] Xoono00
with

Xoog000=[S(s=0, p— D[(% + & + &)- s|[(do + d1 + d)- (p—1—9)]].

Hence we have the foll owing theorem.
hoJogh + h1d1G1 + h2doge + (ho+ h1 —h2)Jo12oip +
QoKodo + 01K 101 + 02K202 + (Qo + g1 — g2)Ko12000hdo
=% [(ho+h1—h2—Q2) (b + th + & — do — dh — d2)Xo0q000
+(h2—ho)(-g + g1 + & — do — d1 — d2)X100000
+ (h2—=h1)(@ - + & — do — d1 — d2)Xo010000
+(Qo+ g1 — 02+ h2) (@ + th + & + do + di + d2)Xo00111
+ (02— o) (% + G + G —do + dy + d2)Xo00011
+ (o — o) (@ + G + @ + do — dy + do)Xo00:101]-

Consider the general case for p odd
(S(i=0,n-1)g)°~(S(i =0,n-1)d)”=[S(i =0, n-1)(g - d)]
[S(s=0, p—DI(S(i =0, n—1)g)- s|[(S(i = 0, n—1)d)- (p—1-9)]],
which by the above theorem can be equated to
Sy,combinationsfory Jr x(g gx) - Sy,combinationsfory Kr e X (dr dx),
where we have introduced K; ... « for the coefficient of (d, ...dy) similar to J; ... x for

@ ... 9
Ifp<n,thenfory>p, J... x=K;... x=0.

We wish now to add together linear combinations of 2n independent equations, each
of atype similar to the éove, expressed in the n variables g and the n variables d..

Define the symbd x(i,j) by
X(i,j)) =1fori =]
=0fori?j.

Then ou general linear combinationis
S(s=0, n—1[ag(S(r =0, n—1)(g — 2x(s,r — g _1))° = (S(r = 0, n — 1)d,)"]
+S(s=0, n—1)[bg(S(r =0, n—1)g)° = (S(r =0, n— 1)(-d: + 2x(s,r — 1)d))"].

With'y odd, our linear combination equals

Sy,c:ombinationsfory hr er x(g gx) + Sy,combinationsfory Qr xKr x(dr dx),
where

Joox(@ . 8)=-F ... x[(-9) ... (9],
Kiooo (0 oon 0h) = =Ky oo [0 ... ()]
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This gives

hy=S(s=0,n—1)[as—2X(r + 1,9)a+1 + by
and

-qr=S(s=0,n—1)[as—bs + 2x(r + 1,5)by + 4].

Introducing, say, h(012) for hoi2, we also have the suppgementary equations

h(ro... ry-1) =S(s=0, n—1)[as—2S(t = 0, y — D)X(rt+ 1,S)a+ 1 + b

-g(ro... ry-1) =S(s=0, n—1)[as—bs+ 2S(t = 0, y — 1)X(rt + 1,9)bx + 1],
where we consider the set of variables (ro ... ry_1) to be ay suitable combinationfor y.

Applying linea algebra, where s goes from 0 to n— 2, we obtain
as+1= (hn_1—hy)/2,
a=(-n+2hp_1+S(s=0, n—2)hs—qn-1)/2.

Likewise
bs+1 = (Qn-1—10s)/2,
bo=((-n+ 2)gn-1+ S(s=0, n—2)qgs+ hn_1)/2.

These results imply
h(ro... ry_1) =%[(-n+ 4)hp_1 + (-n+ 2)qn_1] -
S(s=0,n—=D[S(t =0,y — Dx(r¢+1,9)(hn-1—hy)].
-qro ... fy—1) =%2[(N—4)Gn-1+ (-n+ 2)hy_4] +
S(s=0,n=D[S(t =0,y —)X(t+1,5)(An-1— Q)]

J ... x(g ... &) canthen be computed explicitly.

We now introduce the symbol X(Vovi ... V-1, XoX1 ... Xn—1), iInwhich v; isQif gis
paositive, and i is 1 if g is negative, and likewise for x; with respect to di. Thus we
have the expression
(S(s=0,n— 1)’ —(S(s=0, n—1)dy)° =
[S(s=0,n—1)g—-S(s=0,n—1)d;]X(0 ... 0,0 ... Q)
with
X(0...00...0 =
[S(r=0,p—D[(S(s=0, n=1)gy)- r[[(S(s= 0, n—1)ds)- (p— 1 -1)]].

Writing, say, J(012) for Jo12 and g(0) for gy, we have the following theorem.
Sy,combinaiionsfory h(rO ry—l)J(rO ry—l)(qu) g(ry—l))
+ Sy combinationsfory A(Fo ... fy—1)K(ro ... ry—1)(d(ro) ... d(ry_1))
= Sy,combinaiionsfory 1/2[('n + 4)hn—1 + ('n + 2)qn—l - ZS(S =0,n- 1)
[S(t=0,y—Dx(r+1,8)(hn-1—hy]]
[S(s=0,n=D[(1—2ve)gs— dg]X(VoV1 ... Va1, 0 ... 0)]
— Sy combinations for y Y (N—=4)gh-1+ (-n+2)h,_1+ 25(s=0,n-1)
[S(t=0,y—Dx(rt+1,8)(qn-1 - W]l
[S(s= 0, N— D[+ (1= 2x)dJX(O ... 0, XoX1 ... Xn_1)].

If qiseven = (2")k, with k odd then aformulafor even qis obtained from the eove
formula under the transformation p® k, gs® ¢ 2", ds® ds 2".
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Alternatively, for g even, a complex cyclotomic formula can be utilised, where we set
q = jk = (2"k, with k oddand ws; a primitive 2jth root of unity, obtainable from the
above under the transformation p® j, & ® o Kk, ds® (-wyds)- K.

Werecall, given u=p or q, the general LCFT formulafor Z isthen
Z = %{[1 - (-1)"](formula for u odd) + [1 + (-1)"](formula for u even)}.

3. Prime number, factorisation and divisibilit y theorems.

For gord> 11 N, no representations of primes are of the form
o+,
except for the posghilities p=1 or p a power of 2, the latter subsumed uncer p = 2.

Prodf. Let p be odd Then by (**), suppasing the above expressionis prime
g (p") +d- (") =[g+d]P(r=0,m-1)
{S(s=0,p-D(a [P" "™ D-SA(-D)- [P""D- (p—1-9)}.

Since the prime number and g + d are pasitive, so is the subsequent expressonin [ ]
which is a summation d integers, and m = 1, otherwise the expression factorises.
Since g+ d > 1, the summation d integersis 1. Thisimplies

d+d’=g+d,
which is clealy only thecaseforg=d=1 o p= 1. Henceif p? 1, itisnot odd

Now if pt 1isnot apower of 2, there eists an oddfador gt 1 sothat p = kqand

(@ K)-q+(d-k)-q
is prime, which we have proved is not the case. Hence p = 1, or p = 2z isa power of 2,
so all the latter such primes can be written as

(g 2- 2+ (d-2)- 2.

We note the following standard results, given e.g. in [3].
No prime of the form 4k + 3 is a sum of two squares.

Any prime of the form 4k + 1 can be represented uriquely (aside from the order of
summands) as a sum of two squares.

Letpbeodd ht +q! Obeintegers, gt d O natural numbers,
X =S(s=0, p— D[FI[(-d)*~* 7,
Y =S(s=0,p- D[P "]

Z=h(d) +q(d”) >0.
If the product of (h + @), (g + d) and X has two prime factors in common with the
produwct (h —q), (g—d) andY, excluding & most one factor of 2, then Z isnot prime.

and

Prodf. By the LCFT

h(@) + a(d”) =Y (h + a)(g+ DX + (h —a)(g-d)Y].
Hence under these aondtions, for the expresson to be prime, there are two distinct

factors on the right hand side, one of which must be £2.
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We canna modify these andtions by just reducing two prime fadors down to one,
because taking p =1, h =5,g=-6,g=15andd = 12, then Z = 3 is prime, but we
construct a proof of this modification unar the further constrainth t gt 0T N.

We mention related results. When the exresson

¢ +d”=%{(g+d)(g+d) + (g—d)(g—d)]
is prime, then g— d does not share any prime factor with g+ d.

Any integer may be represented by +Z (put, say, d = 1. We allow here Z = 0).

Leteh®g!® Oandg?! d?! O be natural numbers and p, X, Y and Z be as in the
prevous theorem. If the product of (g —d), (h — q) and Y has a prime factor in
comnon with the product (g + d), (h + g) and X, excluding & most one factor of +2
for the pairings of (g—d) with (g+ d) or (h —q) with (h + g), then Z is not prime.

Ketch of prodf. If A and B have a prime cmmon factor, we write jA = kB, where the
common factor is (A/k) = (B/j). We allocate j and k as positive where possible.

Let p be odd Define 2W =Y — X. We will need the following identities.
(g+dX=g+d

and
X +(g-dW =¢,
dX + (d-gW =d".

We immediately mention that for pairings of (g—d) with(g+d),forp=3,h=1,q=
2,g=3andd =1, that Z = 29is prime, so the exclusion d at most one factor of 2 is
necessary. The same goes for the pairing of (h —q) with(h +q),forp=1,h=3,9=
1,g=1andd =2, when Z =5is prime. But if such pairings occur ssmultaneously, so
bath h and g are ether oddor even, and likewise gand d, then Ziseven! 2.

Let j(g—d) = k(g+ d) and chocse ahitrarily g> d. Then
Z =Y((g—d)/K)[h(( + K)X + 2kW) + g((j — k)X — 2kwW)].
For Z to factorise in the way specified, we neel to ensure the g term canna be
negative, so that thetermin[] isnot 1 or 2. The g term is
A — KX —2kW) = g{ j — K[ S(s= 0, (p— 1/2)[( + k)G — k)P~ =]
—( +K[S(s=0, (P32 + K/ - k)’ ~*" >}~
This equates to q(j — K)(d° %), so for (g—d)/k > 2, Z isnat prime.

If j(g—d) = k(h + q), then choasing j and k pasitive, i.e. (g— d)/k > 1, we have
Z = (g—d)[(/K)d® + h(X + 2W)],
so Z fadorises.

With j(g— d) = kX under scrutiny, we obtain
Z = (g—d)[h((/k)g+ W) + q((i/k)d — W)].

Suppacse theterm in [ ] was 1, then we would have (j/k)d < W, so we would deduce
Xd < (g—d)W = Xd—dP,

which isimpossible, hence Z is nat prime.

If j(h —q) = k(g+ d), then
Z=(h-q)(/kaX +d7,
and Z fadorises, because (h —qg)/k > 1.
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If j(h —q) = k(h + g), then choasing arbitrarily h > g,
Z=Y(h —q)[((/K) + D& + ((7k) - D]

so since j/k > 1 andin thisinstance we spedfy (h —q)/k > 2, Z again factorises.

For the ase j(h —q) = kX, alocating h > g, thevalue of Z is

Z=(h-q)(/k)(g+da+dl.
Since (h —q)/k > 1, Z factorises.

Suppase jX = kY. Then
Z =YX[h((g+d) + (g-d)(/k)) + a((g + d) — (g—d)(/K))].
We can chocse arbitrarily g > d. To ensure thetermin [ ] isnot 1 o 2, we need to
evaluate the g term. Now
ik =1+{2(dg’ - oP)/((g—d)(& - )},
so the g term is the positive value
q((g+ d) - (g—d)(i/k)) = 2qd%(g + d)/( - ).
If X/k iseven, so aregandd. For X/k odd the k[ ] term is even. So Z is nat prime.

Now consider j(g+ d) = kY, which gives
Z = (g+ d)[(hg+ qd)(i/k) —W)].
So combining the facts
(hg+qd)>g+d
and
Y-W>Y -2W =X,
we verify that thetermin [ ] is positive and > 1, implying that Z factorises.

Lastly, for j(h + q) = kY, we evaluate that

Z=(h +q)gY —W(g+d) +q(g—d)(i/K)]
so that

Z=(h +q)[gX + W(g—d) + q(g—d)(/K)],
and choosing arbitrarily g> d gives Z is not prime.

The same theorem carries over for h and q integers, with two prime factors instead of
one, because thetermsin [ ] can now be +1 or £2.

No representations of primes are of the form
d)_dp1
except for the posghilitiesp=1, or d=(g—1) andp prime.

Prodf. If a—b =g (p™) —d- (p™) isprime, witha, b, g, d, e ml N from now on, then
the second FSFT gives m = 1 (otherwise (*) above fadorises), and
a-b=[a"-b"{ S(s=0, p— P[a®|[b®~ "7}
is prime, the derivation d which impliesa and b are powers of p, i.e.
a=d¢, b=d,
and either
g-d=1
or
S(s=0,p-YIGIId" "] =1,
the latter correspondng to p= 1, so we choose the former.

17



If pisnot prime, say p = jq, then because
g=a'?=a" = @¥)- (1)
is a natural number, so is a¥¥, and similarly for b¥%. Then the prime a — b can be
represented by the product
(=) [@Y-bY{ S(s=0, g-1[a”[bC " 9}.

Now if a> 1 and x>y, we obtain the inequality
(X —y)*= (X =y x—y) <X x —y) <Xy
Inserting x = a'®, y = b™? and a = p/q hes the consequence
1=[a®-b" = [a"?—b"7]- (p/g) < [a¥"—b".

Thus in (***) the first and secondterms * 1, and all terms involve sums of natural
numbers — a contradiction. Hence p is prime.

Under the condtions of the previous theorem, p divides
F-P-1

Proof. By Fermat’s theorem, if p is any prime and g and d are integers, then p divides
(& —g and(d—d°), so p dvides (¢ —dP —g+d) = (g —dP - 1).

Letp>2be een,g>d3 1andg—d? 1, then
¢ -

has at least threefactors.

Proof. Consider g p—d- p. This may, for even p, be factorised as

@-d(@  + P+ P+ L+ P
or as

(@+d)(P - d+ P 3 — ... P,
Sinceg—d?! g+ d, if there are only two fadors, which is the minimum if g—d?! 1,

then
g—d=(f - d+d 3 -...—-dH

g+d= (P + P A+ P + .+ P,
so adding these gives successvely

g=g + P+ .+l

R B B e’
which isimpossible.

and

and

We canna dispense with the condtiong—-d?® 1, becaiseif g=2,d=1and p= 4,
then ¢ —d° = 15. A more general theorem follows next.

Let p = (2- ko)P (i = 1, n)(g- ki), where the q; are distinct odd pimes, andg>d?3 1.
Then ¢ — d® has at least S(i = 0, n)k; factors, and & least 1 + S(i = 0, n)k; factors
wheng—-d?® 1
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Proof. Let o = 2. For the first pass through, consider all factors of p= P (i = 0, n)
(gi- ki) except for one unexporentiated fador q.. This product is just x, = P (i = 0, n)
P( =0, ki—1, omit r for onei)(q). Then p= (X)(q). By the equation at the end
sedion 22

o = =[(g %) — (& x)][ S(s= 0, o — [ X:S|[c- X,(c — L —9)]].

We now have at least two factors. We can then expand ou (g x;) — (d- ;) reaursively,
using the same formula, yielding at least one extra factor each time.

We cortinue iteratively, until we end upwith g—d, which can be aproper fador or
the trivial factor 1, which we ignore. We have now S(i = 0, n)k; iterations, giving at
least S(i = 0, n)k; factorsif g—d=1 or at least 1 + S(i = 0, n)k; factors otherwise.

Let p = (2- ko)t, where t = P(i = 1, n)(g- ki), the g are distinct odd pimes, and
arrangeg>d3 1. Theng p+d- phasat least 1 + S(i = 1, n)k; factors.

Prodf. t is odd, and may be represented in a similar manner as before as t = (y)(q).
By anather formula at the end o section 22

et + rﬂ = [(e' Yr) + (m' Yr)][ S(S: 0, ar— 1)[ € Yrs][('n’)' Yr(CIr - 1_3)]]-

Put e = g (2- ko) and m=d- (2- ko). The number of fadorsis obtained by recursion as
previously, where, if prime, the final fador e + mwill not add to the result.

Ifpt 1, % =(d-p)+ (e p)isprime
and$ = (e- p) —(m p) isprime
then$ — % isnat primeunless$, =5and$, = 3.

Proof. $1—$% = (d- p) + (m p) iseven! 2or = 2, otherwise $; = 2 Rl$, = 2. Now bath
p=2tandpisprime,sop=2.If$1—$2=2,thend=m=1,so(e—1)=1,e DQGH
=5DQ®=3.1f$=2thend=e=1and$ = 1-nf ZKLFK LF SRV_.BO6RS; = 2
=(e—nj(e+ m, andif (e—n) = 1then 2=2m+ 1, whichisimpaossible. Hence $; — %
isnot primeor $ =5DQ&, = 3.

Ifpt 1, $%=(d-p)+ (e p)isprime
and$; = (e- p) + (m p) isprime
then & —$isnat primeunless B =5and$, = 2.

Proof. 7KLY WXOINJRP WKH SUNYARXBHSOMUQIY® DNXPHS; — %, is prime.
We prove apartial contradiction. Then $s —$4 = (d- p) — (m p), so bah p= 2" and pis
prime,so p=2and(d—m = 1. Suppse$ ! 2and$H ! 2, then for $— $ to be prime
it must = 2. Hence 2 = d? — (d — 1)? = 2d — 1, which is impossible. Hence we have
SWRH/S$=d?+€e*1 2and$y=(d-1*+e’=2,s0e=1,d DQGs=2°+1=5,

We nate that the binomial exparsion d ¢ —d” for g= (d + 1) is
S(r=1, p)[p!/r(p-r)]d°~".
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That p dvides (d + 1)P —d° — 1is easy to prove directly by a binomial expansion, the
expression being

pdP =+ [p(p—1)/2)dP "%+ ... + pd,
soif pis prime the factorial denominators do nd divide p.

We extend the above result. For p prime, p divides
(d+21)P—(d=x)°P—x—1.

Prodf. For two adjacent numbers, p dvides
d+1)°P-dP-1and d-(d-1)°-1
Hence p divides their sum. The result foll ows by induction.

Corollary. If pisprime, then p divides
y = (y-x°-w

if and ony if
X% w (mod p.

Putting y = X, this gives Fermat’s little theorem, y* —y © 0 (mod p), from the binomial
theorem.

Withz =y —-x, wefindthat if y * z(mod p) then
S(r=1,p)y*"'Z™" ° 1 (mod p.

If y° —yisdivisible by p, then so is

yn(p—1)+1 —y.
Proof. Since y?* —yP = yP}(yP —y) is divisible by p, the sum (y yP) + (Y —y) is
also, with the general result following by recursion. The proof extends to dvisibility
by any natural number m instead of a prime p.

2pl

Examples. Putting p = 3, we havefor any odd naural number g
yd—y©° 0(mod 6,

and putingp=5,s0q=4n+1,0r p=7,givingq=6n+ 1, etc. implies
y9—y©° 0 (mod 6p.

Expressions with Bernouli numbers B* inside quatation marks will be written as a
sum of terms, each of whichisapower of B times sme number. The powers of B are
then interpreted as Bernouli numbers.

Thus Faulhaber’ s formula becomes
144+ 20 L+ mt = [(m+ B)* - Bk,
and summing the Fermat little theorem terms
PP-D+ -2 +...+ (¥ -y)
entails the following expressionis divisible by p:

{[“(y + B =B 1/(p + 1)} —¥y(y + 1).
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If we arry out the derivationfor Fermat’ s little theorem again, thistime explicitly, we
find the general identity for any not necessarily prime g
yl'=y=aS(r=1,q-1{[(q-1"/(r'(a-n")]
[“(y +B-1)*™ —BT]/(q-r + 1)}.

A related use of the binomial theorem is, for n> 1 andp prime > n— 2, the expression
yP = (y—p)° + Sk = 1, n = 2)(-1){p!/(K!(p — K)H]p'y™*
° 0(mod p n).

Let p be odd> 5. The foll owing expressions are divisible by p, also p— 2, if prime.
(d+1)P—d° —1—pd[d”? + [(p— 1)/2]d(d”* + 1) + 1],
(d+1)P—-(d-1P—pdp-1+20"% -2

and
(d+2)° —20P + (d - 2)° — pd[(p - P + 2],

Proof. The first expressonis derived from a binomia expansion d (d + 1), with the
first three and last three terms subtracted. Considering fadorial denominators, it is
divisible by p or p— 2 when either of these are prime, or both when bah are prime.

The second and third expressions are obtained from the first under the transformation
d® -d, respedively adding or subtrading this result from the first.

Let n be even andp be odd with p > 2n + 1. Then the following expressons are
divisible by all primes between (p —n) andp inclusive
(d+ 2P -&(r=0,n){p!/[r'(p—n}d(c”* + 1),
(d+ 1)° = (d—2)P—2{&(r = 0, /2)[p!/[(2r)!(p — 2r)!]]d*
+&(r=1, n/2)[pl/[(2r = D!(p—2r + DI P>+
and
(d+ )P+ (d=1)P—=2{&(r =0, n/2)[p!/[(2r)!(p — 2r)!]]d"?
+&(r=1, n/2)[p!/[(2r — 1)!(p— 2r + )] d*7}.

Prodf. By the binomial theorem, the first expressonis equal to
&(s=n+1, (p+ 1)/2)[p[s(p -9 d(d"* + 2).

To determine the summation range, there are p + 1 termsin the expansion d (d + 1)°,
and we ae subtracting 2(n + 1) terms, so the number remaining isp — 2n— 1. The
upper range in the summationis (p—2n—-1)/2+n+1=(p + 1)/2.

To show p > 2n + 1, for there to be no cancdlations with primes, the lowest factor
term of the largest p!/(p — s)! is (p — n), and if prime this must be greaer than the
concurrent greatest divisor term of p!/(p—9)! by s=n+ 1.

Thus no fadorial denominators divide primes in the numerator between (p—n) and p

Under the transformationd ® -d, we obtain
-(d=1P—={&(r =0, n/2)[p!/[(2r)!(p — 2r)!]]d* (1 — d”*)
+8(r=1,n2)[pl[(2r - !(p—2r + DI (2 — d”**2)}
isdivisible by al primes between (p — n) and pinclusive.
Hence by adding this expression with the correspondng expression for +d, or by
subtracting it, we obtain the two subsequent divisibility results.
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We investigate analogues of Fermat’s little theorem for primes between (p—n) and p

Let n be even andp be odd with p > 2n + 1. Then the following expressons are
divisible by all primes between (p —n) andp inclusive:
d+21)°P—(d-x)P—x—=1-a(r=1,n)[p/[r'(p—-n']
{[“[(d+B)"™ —(d—x—1+B)"™]"/(p—r +1)]
+[“[(d+B)™ —(d—x—1+B)™]"/(r + 1)]},

(d+1)P—(d—1)P—(d=x)P+ (d+Xx)°—2x—2
—23(r =1, n/2){[p!/[(2")(p - 21)]]
[“[(d+ B)*™ = (d=x =1+ B)*Y"/(2r + 1)]
+[U[@r-=DD)(p-2r+ D]
[“[(d+B)"#*? —(d—x—1+B)**™]"/(p—2r + 2)]}]
and
(d+1)°+([d-1)°—(d—x)° - (d+x)°
—238(r =1, n/2){[p!/[(2")(p - 2)']]
[“[(d+B)y"** —(d—x—1+B)**™"/(p—2r + 1)]
+[U[2r=D)(p—-2r+ 1]
[“[(d+ B)* = (d—x -1+ B)*]"/21]}].

Proof. We use Faulhaber’s formula, nating
a(s=0,x)(d-9%=4a(s=0,d)s"-a(s=0,d—x-1)s%.

Puty =d+ 1=x+ 1. Then by dired transcription the following expressions are
divisible by all primes between (p —n) andp, for n even, p odd andp > 2n+ 1:
yP—y=a(r=1n)pr'(p-n!]]
{[“I(y + B-1"" = (B-1)""™]"/(p—r + 1)]
+[[y+B -1 =B -1™"/(r + 1]},

Y —(y-2F+2(y-1)°"-2y
-2 [é (r=1, n/22{ [P/ (2N (p—2r)1]
[“[(y + B— 1" — (B - 1)*]"/(2r + 1)]
+ [V][(2r - 1)!)gp— 2r + D]
[“[(y + B—1)""*— (B - DP**?]"/(p—2r + 2)]}]

Y+ (y-2°-2(y-1°
—2[&(r=1, nf2){ [P r)(p— 20)1]
[“[(y + B=1)"7" — (B - )***]"/(p—2r + 1)]
+[U[@2r—DH(p-2r+ D]

[*[(y + B— 1" — (B - 1)*]"/2r]}].

and

We now consider palynomial forms. If
Xi®yi(modn and r;° s (mod n
then
él’i[Xi- ti] ° éS‘[yi- ti] (mod I1)

If nisprime and
ti = Kin+u;,
then by Fermat’s little theorem
arifx-t] © asfyi- (Ki + u)] (mod n.
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Form,p>0,n,q>11 N, thereis an isomorphism between additive k (mod ) and,
for fixed g multiplicative g- k, so for k = p™, by the second FSFT example of sedion
4 withf =1, we obtain

- (P ° 1(mod (q-1)).
Consequently

- (&(pi- m)) © 1 (mod (q- 1)),
soforany ui>01 N we derivetheimplicaion

a(t=1, w)(pi- m) = u(pi- my),

g (Aui(pi- m)) ° 1 (mod (q - 1)).

By the FAFT, we also oltain the following results for p odd
- (p™) ° -1 (mod(q + 1))

g (& = 1,j)(p- M) © (-1) (mod (q + 1)),
which indicates a correspondng equation extending to p; even (put pi = 1, u; = Vvj- m;)

G @ui(p- m)) ° (-1)- (@up;) (mod (g + 1)).

and

For p odd wime quadtatic reciprocity theorems follow from Fermat’s little theorem
by considering y(y®'"2 — 1)%/("‘1)’ 2+ 1)° y(yA)®PD2_1)0 0(mod p), so al squares?
0 (mod p) belong to the (y*? — 1) equivalence dass[31].

Both y®P20 1 andy®Y2 0 -1 (mod p have (p — 1)/2 roct positions. For squares, we
asert (the occuparcy theorem, proved later) that these ae dl occupied by specific
numbers, so there is an isomorphism between complex roots y*Y'2 = 1 at one

extremity and norempty equivalence classes of y? (mod p) with y*220 1 (mod p) at
the other.

The little theorem is more generally written as yu(y® /2 — u®/2)(y®D2 4 (D) for
which the LCFT implies

u(y?) —y(UP) = (y* = )W = (y* = 9)S(r = 0, (p— 3/2)[y*"uP*? ° 0 (mod ),
so that W factorises.

For p odd pime, quadratic redprocity theorems give afadorisation d the Fermat
expressiony"®V** —y, by considering y(y"®?"? - 1)(y"*? + 1).

Our aternative formulation d the expressionis
yu{ [y D% — [UC P [y D 4 [P,
so thistime the LCFT implies
u(yn(p-1)+1) _ y(un(p-1)+1) — (y2 _ UZ)W
= (y* = 19)S(r =0, (n(p— 1)/2) = HIy***u"*Y?7] ° 0 (mod p),
and W again fadorises further.

Note dso the variation that for p prime andj >0

0(mod p ° [(y- p) —Y]- [p- ( — DI
and since intermediate terms in the binomia expansionare® 0 (mod p

0(mod p ° [y- (p-))] +{(-y)- [p- ( — DI}
° y{y-[(p-)) -1 + (-1)-j}.
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We derive the result when pisan oddprimethat if j is odd

0(mod p ° W{y-{[(p-]) - 1/2} — 1{y- {[(p-}) - 1I/2} + 1},
andif j iseven

-2y (mod p) ° the same expression.

Ify® 0(mod p inthe latter, -2 (mod p uniquely factorises as either
(-1)(2) (mod p
0,1,30r-2(mod p ° y-{[(p-]) - 1I/2}

or as
(1(-2) (mod p

0,2,-1a-3(mod p ° y-{[(p-])—1/2}.

SO

SO

The above technique can be used in the context of solving an nth degree polynomial
equation with Heegner integer coefficients and at least (n — 4) such integer solutions.

Wenotethat y ° 0 (mod p andy © 1 (mod p are dways present, the | atter as a square
(mod p. The following theorem is useful in determining some further © +1 (mod p
interrel ationships between various y*’2.

Let 0 <y < p, with p odd (for example p prime) andm1 N, then
y(P-l)/2 o (_1)(P-1)/2(mp _ y)(p-l)/Z (mod p)

Prodf. Firstly, consider (p — 1)/2 even. Then a binomial expansion d the right hand
side, leaving out terms in mp to a power, which are® 0 (mod p), indicates that y*2'?
° (-y)®2 (mod p.

p-1)/2

If (p— 1)/2 is odd, then the binomial expansion gives y®Y20 - (-y)"Y2 (mod p).

Our theorem has the following consequences.

Taking the typicd example for the p = 11 table below, y° repeats mod 11 in three
regions, A, B and C, the above equation representing symmetriesin regions B and C.

Table: p=11, (p—1)/2=5.

y © (mod p) y y° (mod 12) region

0 0 0 A

1 1 1 B

2 32 -1

3 243 1 O<n<(p-1)/2
4 1024 1

5 3125 1

6 7776 -1 C

7 16307 -1

8 32768 -1 (p—1/2<n<p
9 59049 1

10 100000 -1

11° 0(mod 17 repeats
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For (p—1)/2 odd if 0<n<(p-1)/2,i.e region B, then there are k terms® 1 (mod p
and (p-1)/2 —kterms® -1 (mod p), so there must bein the (p— 1)/2<n<pregionC,
k terms® -1 (mod p) and (p — 1)/2 — k terms® +1 (mod p), giving the complete set of
(p—21)/2 roat positions for both 1 (mod p and-1 (mod p).

If (p—121)/2iseven, with thek terms® 1 (mod p for region B below, there ae k terms
© 1 (mod p inregion C, oppasite in sign to the odd case. Thus there ae 2k slots for
2k = (p — 1)/2 quedratic residues of 1° to 4k in the @mbined B and C region, and
these slotsin B (and C) are completely occupied. So k= (p— 1)/4 in the B region, and
similarly the residues® -1 (mod p occupy k slotsin this region, likewise in region C.

Table: p=17, (p-1)/2=8.

y © (mod p) % y° (mod 17) region

0 0 0 A

1 1 1 B

2 256 1

3 6561 -1 O<n<(p-1/2
4 65536 1

5 390625 -1

6 1679616 -1

7 5764801 -1

8 16777216 1

9 43046721 1 C

10 100000000 -1

11 214358381 -1 (p-1/i2<n<p
12 429981696 -1

13 815730721 1

14 1475789056 -1

15 2562890625 1

16 4294967296 1

17° 0(mod 17 repeats

Note the generalised Fermat little theorem with q= (p — 1)/2 prime gives a formula
for y*V'2 (mod p.

We now prove the occuparcy theorem.
Ifm? n<(p-1)/2, with p prime, thenm?t n? (mod p.

Proof. We will prove that m* —n?° 0 (mod p) leads to a cortradiction, which would
mean (m — n)(m + n) = kp for some k.

Say m>n,then n< (p—1)/2,som+n<p-1<pandlikewise(m—-n) <p-1 But
p, being prime, must be a factor of (m—n), (m + n) or both, and thisisimpassible.

Since 1 is a square, it follows from the above considerations that when (p — 1)/2 is
even, (-1)®V"20 1 (mod p), andwhen (p — 1)/2 is odd, (-1)®P2° -1 (mod p.

We have dealt with recurrence relations between numbers of the form y® 2/
Anocther useful relationto determine the value of y*'? (mod p) is

)PV (mod p © [u®2 (mod pI[vPY2 (mod p].

(mod p).
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A basic questionisthen: when isa prime a square (mod p?

If welook at the table for squares, say inthe (mod 7) example that follows, there aep
squares from 0 to p* — 1 (mod [f), being 0%, 12, ... (p — 1)

Table: p =7, squares (underlined) to p2 = 49. Region E columns = region F columns.

region D 0
region E

3456

@ |
10 N

7

10 111213
region F 14 151617 18 19 20
21 22324 2526 27
28 203031323334
353637 38 39 40 41
42 43 44 45 46 47 48

next p° 49

Since, by the binomial theorem for squares,
(p+n)?° n® (mod p,
these p squares fill, in piterations (mod p), all the squares that are possble (mod ().

Likewise, since

(p—n)?° n’ (mod ),
thase squares which are non-zero (mod [f), repea in just two nonoverlapping sets
(mod ), regions E and F.

Although the nonconstructive ‘pigeon hde principle’ can ad as a barrier to
understanding, we now apply this principle here.

We have previously proved that there ae (p — 1)/2 nonzero squares (mod p). Thefirst
overlapping set 1 0, in region E, being the first (p — 1)/2 squares (mod ), maps to
precisely (p — 1)/2 separate squares (mod p), because otherwise there would be less
than (p — 1)/2 of them. We are using here full occupancy of the square slots.

A ‘crossing out’” method can be used, analogous to the ‘sieve of Eratosthenes’ for
primes, for determining whether a number is or is not a square (mod p). Set up a grid
of width p and depth > (p — 1)%4p and < [(p — 1)%4p] + 1 with the first column
labelled 0. Determine the alumn for a number n given by n (mod p. Put an X in
column 0, an X in column 1 with nospacebetween columns 0 and 1, an X in column
4 with two spaaes between columns 1 and 4 and so on increasing the number of
spaaes by two each time and continuing into ather rows if necessary. If the column

correspondng to nisreached, it is asquare (mod p), otherwise it is nat.

Richard Guy in [11], unsolved problem F5, asks: If prime p = 4k — 1, there ae more
quedratic residues in the interval [1, 2k — 1] than in [2k, 4k — 2], but all known proofs
use Dirichlet’s class-number formula. Is there an elementary proof?

The above result will follow for p = 4k — 1 if, in the first (p + 1)/4 rows, for the left
interval [1, 2k — 1], the number of quadratic residues derived from rowsupto T = the
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integer part of (p + 10)/16, together with the number after this row, is greater in ways
to be specified onthe left than onthe right, [2k, 4k — 2] interval.

Example. p =83, (p— 1)/2 = 41 (odd), number of rows = (p + 1)/4 = 21. Square values
are underlined. Columns uncccupied by a quadratic residue ae suppressed.

region region H, left hand part
G

0] 1 3 4 7 910 11 12 16 17 21 23 25 26 27 28 29 30 31 33 36 37 38 40 41

83 100 121

le6 | 169 19

249 256 289

332 361

415 441

498 529

581 | blank

664 676

747 784

830 841

913 | blank

996 1024

1079 1089

1162 | blank

1245 | blank

1328 1369

1411 1444

1494 1521

1577 1600

1660 1681

Example (continued). Table for the right hand part of region H, with region G
inserted for reference. p = 83, (p — 1)/2 = 41 (odd), number of rows = (p + 1)/4 = 21
Squares are underlined. Columns unaccupied by a quadratic residue are suppressed.

region region H, right hand part
G

0 44 48 49 51 59 61 63 64 65 68 69 70 Y5 77 78 81

83 144

166 225

249 324

332 400

415 484

498 567

581 625

664 729

747 | blank

830 900

913 961

996 | blank

1079 1156

1162 1225

1245 1296

1328 | blank

1411 | blank

1494 | blank

1577 | blank

1660 | blank

We make the following observations.
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1. To calculate the depth, or number of rows, of the above table, for (p — 1)/2 odd=
2k — 1, we have seen previously that the depth in region G and H generally satisfies
(P—1D%4p=(p—2)/4+ 1/(4p)
<depth < (p + 2)/4 + L(4p) = [(p— 1)*/4p] + 1,
so the depth must be the whale number k = (p + 1)/4. There ae thus only (p + 1)/4
rows we need to consider before the columns containing a quadratic residue repeat.

2. We now introduce the row parameter T. The criterion we use is: up to what value
for a square value n? in the left hand pert of region H is the diff erence between the
next square < (p — 1)/2? In this case, since the interval between each pair of square
values decrements by 2 going backwards from this row, all rows prior to this are also
occupied onthe left and right.

So our criterionis
(n+1)°—n’<(p-1)/2
or
n<(p-3)/4.

Thus the rightmost value of n® corresponds to row related value rmin, extending to
FminD = (p — 3)%/16 + (p — 1)/2
Fmin = [p +2+ (:Up)]/16
and the leftmost value of n? corresponds to row related value rmay, With
fmad = (p— 3)°/16 + (p—2)
rmax = [p + 10— (23/p)]/16.
The actual row lies between ryin and rma, andis either row T or row (T — 1), where
T = the integer part of [p + 10]/16.

Suppacse we had at least ¢ square values in the left hand part of each row, then using
(n+1)°-(n+1-0)*<(p-1)/2,
a similar argument gives the number of these contiguous rows as being at minimum
the least upper bound &
tmin ={p + 2 + [(1 + 4c(c® — 4c? + ¢ + 2))/p]} /16¢%.

3. For thefirst row with columns > 0 and < (p — 1)/2, the highest square value has
2
j<(p-1/2

andtherearej of them. Thus
i<d(p-1)/2].

For the first row with columns > (p — 1)/2 and < (p — 1), the square values stisfy

dpe-121<j<dp-1),
thus we note that the first row of the left hand part of region H has a larger set of
values than the right hand part, the diff erence being, taking integer parts

int{ J(p—2/2]} —{in{ Xp- 1)} —in{ A (p - 1)/2]}} ,
which is positive for p < 23, and aso for p > 23, for the &ove expression satisfying
with resped to the following number the relation

>in{[((®)-1Ap-1)} -1
4. For a subsequent rth row with norrblank columns onthe left hand part of region H

d(r-1)p] <j<d(2rp-p-1)/2],
and for the nonblank right hand part of region H
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d@rp-p-1/2] <j<drp-1].

The rth row of the left hand pert of region H has at most one less square value than
the right hanq pert, the diff erence bei ng, taking integer parts
{in{1(2rp—p—1/2]} —int{ A(r — Vpl}} -
{in{Qrp— 1} —in{([(2p-p- /2y
=2n{(Q2rp—p-1/2} —int{rp—1]} —int{J(r — D)p]}.

Let int{ A} be the integer part of the positive red number A and Lt{A} be A —
int{ A}. The maximum value of int{ 2A} — 2int{ A} is 1 (the minimum is zero) and the
maximum value of int{ C + D} —int {C} —int{ D} is 1, with minimum zero.

For pasitive red numbers aand h on squaring twice we confirm
2da+ (b/2)] > Qa+ b) + Qa).

Thus
int{ 2Ja+ (b/2)]} + bit{2Ja+ (b/2)]}
> int{Qa+ b) + Qa)} + bit{ Qa+ b) + Qa)}.
Hence

int{ 2a + (b/2)]} > int{ Qa+ b) + (@)}
> >

2in{Ja+ (b2)]}  int{Qa+ b)} +int{ @)} .

The maximum disparity is when int{ 2 a + (b/2)]} — 2int{ Ja + (b/2)]} = 1 and when
int{ Qa+ b) + Q@)} —int{ Qa+ b)} —int{Qa)} = 0. In this case

2int{a+ (b/2)]} > int{Qa+b)} +int{Xa)} — L.
However, the only case where the ‘minus 1' above is operative is when

2int{Ja+ (b/2)]} =int{Qa+ b)} +in{Qa)} — 1.
The result above follows puttinga= (r— )p and b= (p - 1).

Note that int{ 2Ja+ (b/2)]} — 2int{Ja + (b/2)]} = 1impliesint{2Ja+ (b/2)]} isodd

5. If we mnsider the difference for row T, where

r<(4k +9)/16
and consequently

a< (4k—7)(4k — 1)/16,
we observe on setting a = int{ (4k — 7)(4k — 1)/16} and b= (4k — 2) that the ‘minus 1’
alluded to previously disappeas, namely

2int{ Jint[(4k — 7)(4k — 1)/16] + 2k — 1]}

> int{ Jint[(4k — 7)(4k — 1)/16] + 4k — 2]}
+int{ Gnt[(4k — 7)(4k — 1)/16]},

which arises snce

(4k — 7)(4k — 1) < (4k — 4)?
and impasing the more stringent condtion

2int{ Ik — 1]} > int{ K® + 2k — 1]} + (k- 2)
impli es the statement

2k—2>k+ (k-2).

6. For the disparity using arow, r, intermediate between 1 and T, we consider
r=int{ (4k + 9)/16} —y
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where the minimum value of y is 0 (which we have discussed already as row T, so
choose y = 1), and the maximum valueis
int{ (4k + 9)/16} — 1 =int{(4k —7)/16}.

Then a=int{[4k — 7 — 16y][4k — 1]/16}, with bas before.

We will investigate whether the ‘minus 1' case disappears again, this time under
generalised assumptions. For rowsr < T we wish to prove astronger result
2int{ Jint{[4k — 7 — 16y][(4k — 1)/16]} + 2k — 1]}
> int{ Jint{[4k — 7 — 16y][(4k — 1)/16]} + 4k — 2]}
+int{ Gnt{[4k — 7 — 16y][(4k — 1)/16}]}.
We find this reduces to
2int{ &Yint[(k — 2y)? — 4y* + y — 0.5625}
> int{ int[(k — 2y)* — 4y 3y — 2.5629}
+int{ &int[(k — 2y)® — 4y* — 3y — 0.5625} .

Let X and Y be whae numbers, with X > (2Y + 1), and let L1, L, and L3 be red
numbers > 0 and < 1. Then by squaring twice we affirm (try Ly =L, = L3z = 0)
20X(X =2Y) + (Y = DLy/2)] > q(X + (X + 1 =2Y) —((3Y + 5)L2/2)]
+JX =D(X =1-2Y)—=((3Y + 1L3/2)].

A binomial expansion approximation to the above relationis
2X{1 + Y-(2Y/X) + ((Y = DL1/2X?)]
—(U8)[-(2Y/X) + ((Y = 1L1/2X?)]*= ..}
> (X + {1+ ¥-(2Y/(X + 1)) —((3Y + 5)LA/2(X + 1)?)]
—(U8)[-(2Y/(X + 1)) —((3Y +5)Lo/2(X + 1)I)]?— ...}
+ (X = {1+ ¥-2Y/(X = 1)) —((BY = 1)La/2(X —1)?)]
—(W8)[-(2Y/(X = 1)) — ((3Y + DLa/2(X —1)I)]*-...}.

Note that
2LUX]? < [U(X + D]+ [U(X - D],
so by adjusting L1, L, and L3 we get — extendible beyond second ader given here
bit{ 2X{ FIRST TERMS + Y Y¥X?|}} <V
bit{ (X + 1){ SECOND TERMS + ¥ Y%(X + 1)} > ¥
bit{ (X — 1){ THIRD TERMS + ¥ Y?/(X = )3}} > %

Thus on subtracting Y4[Y/X]? from {FIRST TERMS + Y%[Y?%X?} etc. and taking
integer parts, by allocating X = k andY = 2y (for y > 0), we obtain the required result.

We make the additional comment that if we wish to determine the column of a square
value for a particular row, for row 2 the first square value is situated in the left hand
part of region H at column [int{ O(p — 1) + 1}]? - p, and since Q(4k — 2) = (J2(2k — 1)]
isnat an integer, thisis at

2int{Qp - 1)} - 1+ int{bit{ Ap — D}[2 + bit{ Ap - 1} ]}

Onrow r, thg xth square value starting from x = 1inrow 2 is stuated at column
[int{&p—1) + x}1° = (r = 1)p )
= [int{ Qp— D}]* + x° = (r — Yp + 2{int{ Qp — }].

7. Next consider region H after row T, that is, where the diff erence between adjacent
square values > (p — 1)/2.
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We now work back from the last square value in region H. This concerns the number
[(p — 1)/2]? so thisis on dace [p(p + 1) — (p — 1)?]/4 from the rightmost column of
thisrow, i.e. thislast square value is at (p + 1)/4 from the left handside of region H.

The vth square value @urting backwards from the last square value & v =1isat
[P+ +2[1+2+...(v=D]=(p+D/d+v(v-1)

from the left hand side of region H. So provided
(p+1/A+v(v—1)<(p-1)2

the last v quadratic residues are on the left hand part of region H, with
v<{[Qp-2)] + 1}/2.

We can aso argue that if it isnaot in the first r non-blank rows, the row correspondng
to v + 1 is blank onthe left hand part. In the table &ove we see the two adjacent
blank lines in the previous diagram for the left hand part of region H for p =83 areon
the right hand part a wntinuation d the trajectory of rows with just one square value
onthe left.

Forp=4k—-1,so(p—1)/2isodd sp— 1lisnact aquadratic residue, since
(sp—1)P~Y2_11 0(mod p.

Thus for the right hand part
(p+D/4+v(v-1)<p-2
and so
{[Ap-2)] + B12<v<{[Q3p-8)] + 1}/2,
which means for the first pass through d this trajectory the number of square values
onthe l€eft is greater than those on the right.

8. On blanks, no row can be entirely blank —thisis sif-evident.

No row can contain a blank onthe left, or respedively the right, hand part and two o
more entries on the right, or respedively left, hand part, since if the separation
between square values is > (p — 1)/2 onthe left, so that position non the right is
occupied, then the next pasition onthe right hand part would be & least [(p — 1)/2] +
2n+ 2 ontheright, which goes past its boundiry.

Conversdly, if theright is blank, then the left if occupied in pasition n isat an interval
(p—2)/2+[(p—1)/2-n] from the right hand edge of the right hand part, and the next
interval is at least 2[(p — 1) — n] — 2 to the left of this edge, with n< (p — 1)/2, which
once ajain goes past its boundry.

Similar arguments ow that, starting from the last row, if the left hand a right hand
parts contain a blank, then preceding rows of both sides can contain nomore than ore
square value in the left hand part and ore in theright.

Under certain condtions, if the right hand part of region H contains entries
sufficiently nea its left hand edge, then the correspondng left hand part of region H
is blank.

In this stuation, counting from the last row, if i =1, ... X successve square values are
situated onthe right hand part of region H in pasition wy from the left edge of that
part, and square value n? isin row u, then

(U=Dp+(p+1)/2=n’—wy,
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U-2p+(p+12=(N-1)*-wy,

U=x)p+ (p+1)/2= (N—x + 1) —wy,
with each w; pasitive andwy.1 < p, i.e.

p=(N—X+1)% = (N—X)7 = Wx + Wy,
S0

2N—=2xX+ 1> wy.

Conversely, for the first x in sequence satisfying the relation wy., > p, all rows
identified by 1 to x are blank onthe left hand pert of region H.

Also, for this particular X, wy.1 in the right hand part is matched by a square value in
the left hand part, which is the start of a new trajectory.

9. We will work in the region beginning from the bottom row trajectory up to the
trajectory starting just before row T. At most one square value &istsin bah the left
hand and right hand parts of these trajectories.

Since trgjedories are ascending and terminate on the right, there is an overlap of the
last square value of a tragjectory with the right hand part of row T — then subtract a
residue from the right hand side of row T — this will improve our result by 1.

We calculate that, on the left hand pert, for the (m + 1)th pass through onatrajedory
mp<(p+21)/4+v(v—1)<mp+ (p—1)/2
S0
{[d@m-1)p] + 1}/2<v <{[((4m + 1)p-2]] +1}/2,
(for m = 0, however, the left hand side is 0 in the &ove expression) and onthe right
hand pert of region H we have
mp+(P-12<(p+1)/d+viv-1)<(Mm+1p-2
So
{[A@m+p-2]] +1}/2<v<{[(@m+3)p-8]] +1}/2.

10. Calculating the number of trajectories up to andincluding row T, the square
values always stisfy
j2<pT.

The number of square values from 1 upto and including row T, but withou the
overlap square value, is then
jmac = in{Jpint{ (p + 10)/16}]} - 1.
=(p-7/4
fork =0 or 1 (mod 4, and p> 3, but for k =2 or 3 (mod 4
Jmax = (p— 3)/4.

The total number of residuesis (p — 1)/2.

If the number of trgjectories from the end to before row T is (M + 1), where the
number of trgjectory square valuesis

J=int{[q(M +¥)p—2]] + %3,
then we have just deduced

(P=D/2=jmax +J.

We infer from the binomial theorem that, since
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[AM + 1316)p]] + 1>I>[d(M + 11/16)p]] -1,

when jmax = (p — 7)/4, then
[p—11+ (Up)]/16<M <[p+ 7+ (81p)]/16,

which implies M = int{ (p + 1)/16}, and when jmax = (p — 3)/4, we find
[p—19+ (9p)]/16 <M < [p-1+ (25p)]/16,

givingM =int{ (p — 15/16}, or zeofor p< 11

11. To estimate the difference between the left hand andright hand pats for any
trajectory, suppase A <B <C, z1 Z andwe can prove
(B-A)>(C-B)+z
then, since the maximum inequality between 2nt{ B} andint{ 2B} amourtsto -1,
int{ B} —int{ A} >int{C} —int{B} +z—-1.

With A = [ (h-2)p] + 1]/2, B =[((hp-2)] + 1]/2, C=[{(h + 2)p—§] + 1]/2 and

h =4m + 1, on squaring the trajectory relation (2B > A + C) twice, we get the result
p+2h-4 >0,

which always halds.

Thiswas for z = 0. For z = 1, on squaring twice (this is all that is necessary) we see
the general relationis nat satisfied for h > 5, although it must had if bit{ B} <4, that
is, for al occurrences of

1=1-int{2bit{B —¢€}},
where eis positive and tends suitably to zero.

On the other hand, if the condtion
bit{ A} + bit{C} > 1

halds, then because (2B > A + C) is always true,
2int{B} > int{A} +int{C},

i.e. thereisno dscrepancy of -1.

Further, for genera A, B and C, not necessarily of the form mentioned, these two
effects add Thus for at most M values, reduced by one for each accurrence of bit{ B}
< %, and reduced similarly for every bit{ A} + bit{C} > 1, the disparity between the
left hand pert and the right hand part of region H is-1.

12. Putting this all together, the positive diff erences between the residues in the left
hand part minus the right hand part therefore sum to equal or greater than
(differencein 1 row) + (differencein rows 2 to (T — 1)) + (overlap row T)
— (difference for trajectories 1 to M) + (diff erence for trajectory m = 0).

Using these results, we obtain this total positive differenceis equal to or greaer than
2int{J(p-2)/2]} —int{Qp - 1)} +int{(p— 6)/16}
+ (m=1toM)[int{bit{ [ (4m—21)p] + 1]/2}
+bit{ [([(4m + 3)p—8] + 1]/2}}
—int{ 2bit{[((4m + 1)p—2)] + 1]/2 —€}} ]
+2int{[(p—2)] + 1]/2} —int{[[QBp—-98)] + 1]/2}.

Problem. Determine the minimum value of the m summation.

Quadratic redprocity is often introduced through binary quadratic forms, discussed in
alater work, where we will prove the following ‘supgdementary’ law:

33



2920 1 (mod p) if p= +1 (mod 8,
220 .1 (mod p) if p=+3 (mod 8

and quedratic redprocity itself, which states, for p and g distinct odd primes [10]
[p(Q-l)/Z (mod @][q(P-l)/Z (mod p)] o (_1)(P-l)(Q-1)/4_

If werecast this as

[pY"% (mod g] © [(-14%q)*Y" (mod P,
the theorem is ®en to be equivalent to the form in which Gauss put it
Let p andq be distinct odd pimes. If g° 1 (mod 4), i.e. (q— 1)/2iseven, thenpisa
square (mod g if and ony if gisasquare (mod p. If q° 3 (mod 4, i.e. (q—1)/2is
odd then pisasquare (mod g if and ony if -qisa square (mod p).

We note in the table below that if aprime p (mod 12 © 1 or -1 (mod p) then 3PV/20 1
(mod p), andif p (mod 12 ° 5 or -5 (mod p) then 3?20 -1 (mod p.

Table: p prime, g= 3.

320 +1 (mod p) p (mod 12)
9° -1 (mod 5 S
27° -1(mod 7) -5
243° 1 (mod 11) -1
729° 1 (mod 13 1
6561° -1 (mod 17 5
19683° -1 (mod 19 -5
177147 1 (mod 23 -1
4782969 -1(mod29 | 5
14348907 -1 (mod 31 | -5

Thisis part of amore general result, suppgementary to quedratic reciprocity, relating a
prime p (mod 4q to *>"2 (mod p.

We can evaluate all (p— 1)/2 nonzero squares (mod p) by the methodalready given.

Quadratic redprocity then gives, for agiven prime g < p that is sich asquare, there is
a bijection between *? (mod p) and +p““"2 (mod @), the latter of which depends
on(mod @), andfor which a square or nonsguare p depends on g(mod 4).

Thus, g =0 mapsto p=0 (mod 49. If the (mod 49 region daes not contain O, non
zero squares determined by g®V"2° 1 (mod p) are equivalent to helf of the 4q values

of pt 0(mod 49, and nonrsguares map to the remaining 2q values (mod 49.

For p prime, if y'© 1 (mod p), then for any s1 N, sincey*™™® © 1 (mod p), there
existsanr = /s (mod p) such that

y®D o 1 (mod p.
Ifyisprime, r must divide (p — 1), so likewise if y is composite.

For 0< n<p, (for example with p prime), m1 N andr a divisor of (p — 1), then
y(ll'-l)/r ) (_1)(P-1)/f(mp _ y)(P-l)/f (mod p)
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Proof. The result parallels the argument of the previous theorem where we had r = 2,
by using (p — 1)/r instead of (p— 1)/2.

We now ask: when is a number anrth power (mod p), with r a dvisor of (p —1)?

Table: p= 7 andr = 3, cubes (underlined) to p* = 343

region | 0

1 2 3 4 5 6

region J 7 8 9 10 11 12 13
14 15 16 17 18 19 20

21 22 23 24 25 26 27

region K 63 64 65 66 67 63 69
119 120 121 12 123 124125

210 211 212 2B 214 215216
next p° 343

There are p rth paversfrom0to g —1 (mod p- r), being 0", 1, ... (p—1)".

Once aain, by the binomial theorem,

(p+n)°n (modp,
these p rth pawers fill, in r iterations (mod p), al the rth povers that are possible
(mod p 1).

For r even, where dfedively we ae deding with a certain type of square,

(p—n)°n" (mod p,
so those rth pavers which are non-zero (mod p- r) reped in just two norroverlapping
sets (mod p- 1), regions J and K. But for r odd

(p—n)° -n" (mod p,
yields no rew information this way, although we are able to assert that for (p — 1)/r =
2 as abowe, the (y"'? + 1) (mod p) equivalence dasses for squares and nonsquares
are equivalently partitioned as (y"®'® + 1) (mod p). Thus in this case y" belongs to
the ((y")* + 1) (mod p) equivalence classes, i.e. y ° +1 (mod p). For (p— 1)/r = k,

the y" belong to the (y)*© 1 (mod p) equivalence dasses.

4. Differences and sums of powers.

Standard results in [3] for the case p = 2 are: Except for positiveintegers of the form
4k + 2, every positiveinteger can be represented as the difference of two squares.

Also: Every odd primeis uniquely the difference of two squares.
Putting p = 2 in the general binomial expansion, we infer these primes are in ore of

the forms:
4k + 1 = (2k + 1)* — (2k)?
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or
4k + 3 = (2k + 2)* — (2k + 1)2.

Prime differences of odd prime p powers are unique for given p and d the form

Prime difference, p odd prime Form
(4r + 1)° — (4r)P 4s+1
(4r + 2)° —(4r + 1)P 4s+3
(4r + 3)° — (4r + 2)° 4s+3
(4r + 4)° — (4r + 3)P 4s+1
(4r+1+uU)P—(4r+u)P 4s+u(B-u)+1

Prodf. (2t + 1)° — (2t)° is of the form (terms divisible by 4) + 2pt + 1.

We define two equivalence classes having remainders of 1 or 3 under division d the
above by 4. For t even = 2r, this maps to the equivalence class given by 4 + 1. For t
odd=2r + 1, it isof theform 4s + 3.

(2t + 2)° — (2t + 1)Pis of the form (terms divisible by 4) + 2pt + 3. For t even = 2r, this
isof theform 4s + 3, andfor t odd= 2r + 1, its partitionis 4s + 1.

The expression for the form 4s + u(3 — u) + 1 is adjusted to give the table entries
above it for u = 0, 1, 2 and 3 Since the substitution u® 4n + u for the prime
expression leaves the form in the same equivalence dass, the formula extends to

arbitrary uT N.

Let p be an odd pime. Differences of prime powers (these are non-prime differences
if x* 0) are of the form

Difference p odd Form
(4r + 1) — (4r — x)P 4s—[(x + 1)(x* + 5x — 3)/3]
(4r + 2P — (4r + 1 —x)P 4s—[(x + 1)(x* + 2x — 9)/3]
(4r + 3P — (4r + 2 —x)P 4s—[(x + 1)(x* —=x — 9)/3]
(4r + 4P — (4r + 3—x)P 4s—[(x + 1)(x* — 4x— 3)/3]
@G+1+uf—@r+u—xP [4s+ X+ D[EB-u)(u-(x/2)
+ (Ux/2) — (X/3)(x + ¥4) + 1]

Prodf. By the first table, chaining together (adding) the aljacent sums
[(4r + 1+ uP —(4r +U)P] + [(4r + u)’ —(4r + u—1)"]
results, by additive goimorphism, in aform equal to the sum of the adjacent forms.

Adding together x adjacent sums gives anumber (4r + 1 + u)® — (4r + u—x)".

The form expresgon

4s+ (x + D[(B—u)(u—(x/2)) + (Uux/2) — (X/3)(X + ¥2) + 1]
results from its composition with adjacent sums as

s+ (X +Du@B-w—-(1+2+...+x)(8—-2u) —(L.1+22+... +xX) + (X + 1),
where (1 + 2 + ... + X) isthe aithmetic sum x(x + 1)/2 and

12+ 2%+ ...+ X2 =x[X® + (312)x + ¥4/3 = x(x + 1)(x + 1)/3.
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Once again, the substitution u® 4n+ uinthe expression for the number leavesit in
the same form equivalence class

The formulae in the @owve two tables are unchanged when pis an odd number > 1
rather than a prime, though for non-prime p nore of the diff erences of powersis prime.

The adjacent differences below for even p > 0 powers are of the form

Difference, p even Form
(4r + 1)P — (4r)? 4s+1
(4r + 2)° — (4r + 1)P 4s+3
(4r + 3)° — (4r + 2)° 4s+1
(4r + 4)° — (4r + 3)P 4s+ 3
(Ar+1+uf—@r+uP | 4+ (2U3)(2u-5Uu-2)+1

Prodf. Differences (2t + 1)° — (2t)°, where p is even, are of the form
(termsdivisibleby 4) + 2pt + 1 =4s+ 1,

whereas diff erences (2t + 2)° — (2t + 1)° for even p, are of the form
(termsdivisibleby 4) + 2° -1 =4s+ 3.

The expression for the form 4s + (2uw/3)(2u— 5)(u — 2) + 1 is adjusted to give the table
entries aboveit foru=0, 1, 2and 3 Once ajain, since the substitution u® 4n+ ufor
the diff erence expression leares the form in the same equivalence class, the formula

extendsto arbitrary uT N.

Let p > 0 be even. Differences of even powers are of the form

Difference p even Form
(4r + 1)° — (4r —x)P 4s—[(x + 1)(X° + 7x° + 13x— 3)/3]
(4r + 2P — (4r + 1 —x)P 4s—[(x + (3 + 3¢ —x—9)/3]
(4r + 3P — (4r + 2 —x)P 4s—[(x + 1)(x3 = x? — 3x—3)/3]
(4r + 4)° — (4r + 3—x)P 4s—[(x + 1)(x® = 5¢ + 7x — 9)/3]

@Gr+1+uf—@r+u—x)P |[4s+[(x+ 1/3][(2u-5)(u—2)(2u—x)
—(4u—9)ux + (2u—3JYx(2x + 1)
—x(x +1) + 3]

Proof. The proof is gmilar to that for odd p

The form expresson
4s+ [(x + D/3][(2Qu—5)(u—2)(2u—x) — (4u+ L)ux + (6u+ 1)(x(2x +1)/3)
—X3(x + 1) + 3]
results from chaining together (x + 1) forms beginning with
4s+ (2u3)(2u—-5)Uu-2) +1
and ending with
4s+ (2(u—x)/3)(2u-5-2x)(u—2—-x) + 1.
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We use the further relation
P+22+ .+ 3 =x(x+1)%4
to oktain the final result.

We now look at (4r + 1 + u)® + (4r + u)®, which is of the form
4s+ (1 +u)P + P,

For p ewven, irrespective of whether uiseven ar odd, thisis of the form
4s+ (1+2v)PC 4s+ 1.

Let p > 0 be even. Sums of p powers are of the form

Sum, p even Form
(4r + 1P + (4r —x)° 4s+ 1+ [x(x° + 8x" + 20x + 10)/3]
(4r + 2)° + (4r + 1 —x)P 4s+ 1+ [x(<3 + 4% + 2x — 10)/3]
(4r + 3P + (4r + 2—x)P 4s+ 1+ [x(x>—4x—6)/3]
(4r + 4P + (4r + 3—x)P 4s+ 1+ [x(C = b + 2x — 2)/3]

@+1+uP+@r+u-xP° [4s+1-[x/3[(Qu—T(U-3)(2Qu—x—1)
—(4u-13)(u-1(x-1)

+ (2u-5(x—-1)(2x—-1)
—(x=1)%* + 3]

Proof.
(4r+1+uP+@r+u—xP=
[(4r+ 1+ u)P+ (4r + U)P] —[(4r + Uu)P — (4r + u—x)"].
In consequence, the theorem is obtainable from the result for p even in the previous
table, under the substitution for that tableof u® (u—1) and x® (x — 1).

Adjacent sums of oddp > 1 powers are of the form

Sum, p odd Form
(4r + 1)P + (4r)P 4s+1
(4r + 2P + (4r + 1)° 4s+1
(4r +3)° + (4r + 2)° 4s+3
(4r + 4P + (4r + 3)° 4s+3
(A4r+1+uf+@r+uP| 4s—U3)(2u-7Hu-1)+1

Prodf. For p odd= 2q+ 1 > 1 the aforementioned equivalence dass for
(4r + 1+ u)P + (4r + u)P,

being4s+ (1 + u)’+ uP, if u=2v + 1isodd isof the form
4s+(29+1)2v+1° 4s+ 2v + 1.

If viseven,itisof theform4s+ 1, andif visoddit is of theform 4s + 3.

If uiseven = 2w with w even, theform is4s+ 1, andif w is odd, the formis4s+ 3.

As before, the expresson for the form 4s — (W/3)(2u — 7)(u — 1) + 1 fits the table
entriesaboveitforu=0,1,2and 3
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Let p> 1 be odd Sums of p powers are of the form

Sum, p odd Form
(4r + )P + (4r —x)° 4s+ 1+ (X/3)[(X* + 6x + 2)]
(4r + 2P + (4r + 1= x)P 4s+ 1+ (XIB)[(X* + 3x = T7)]
(4r + 3)P + (4r + 2 = x)P 4s+ 3+ (x/3)[(X* = 10)]
(4r + 4P + (4r + 3—x)P 4s+ 3+ (x/3)[(x* = 3x—7)]

Ar+1+uf+@+u-xP [4s—W3)Q2u-7Uu-1)+1
—[X2][(4-w(u—x-1)
+(U=D(X=1) = [(x = 1)(2x = 1)/3] + 2]

Proof. This results from chaining
[(4r+ 1+ u)®+ (4r + U)P] —[(4r + U)P — (4r + u—X)"]

from previous formulae.

The tables we have presented are periodic in the variable x, in the sense that x and the
variable x + k are in the same equivalence classfor some k.

Letk T N.For p> 0 even, sums and dfferences are periodic with x © x + 2k. For p >
1 odd sums anddifferences are periodic with x © x + 4k.

Proof. The periodicity follows diredly from the tables of adjacent sums and
differences, thenin x° x + nk for diff erences being the small est number which brings
the form back to 4s + 4 in (n— 1) successive adjacent additions of entriesin the tables.
For sums, we ae alding together two tables, the periodicity being due to the

subtracted dff erences.

We will seenext that by puttingh =1andq=0,or h =0andqg = 1, alows us to
express (4r + 1+ u)® and (4r + u—x)° diredly.

Let p be odd andh and q complex numbers. Then there exst s, t such that
h(4r+1+uP+q(dr+u—xP=
h[2(t + s) — (U/3)[u® — 3LF —u— 3]
+q[2(t—9) + (U3)[x® = 3(u— 2)x? + (3LF — 12u+ 2)x
— U’ + 607 — 8U]].

Proof. Addlinea combinations of the oddp sum and diff erencetablesfor general x.

Let p be een andh and g complex numbers. Then there exst s, t such that
h(4r+1+uP+q(dr+u—xP=
h[2(t + s) + (1/3)[20° — 97 + 10u+ 3]
+g[2(t —s) + (U3)[x* — (4u— 8)x® + (BLF — 24u+ 20)x*
— (40 = 24 + 40u— 10)x — (2u® — 9% + 100)]].
Proof. Addlinea combinations of even p sum and diff erencetablesfor general x.

If we consider (4r + V)P + (4r + v)P* and (4r + v)P — (4r + v)** for both peven and p
odd(p > 1 andr > 0), we obtain the following table.
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Formula

Form

odd

(4r + V)P + (4r + v)>+

4s

4s+ 2

4s

4s

4s+v(v—-3)(v-2)

(4r + V)P — (4r + V)P

4s

4s

4s

4s+ 2

4s+ (vI3)(v—-2)(v-1)

even

(4r + V)P + (4r + v)P*

4s

4s+ 2

4s+ 2

4s

4s—v(v—23)

(4r + V)P — (4r + v)P*

4s

4s

4s+ 2

4s+ 2

S<|WIN|R(OIK[WIN[R|IOIK|WIN|FR|OI<|W[IN|FR[(Oo|I<

4s— (VI3)(2v — T)(v — 1)

Suppcse, as an example, we wanted to oltain, mod 4, the value of

(4r + V)P + (4r + v)*Y

for p oddandy even. The mod 4form consists of one term for p odd

[(4r + V)P + (4r + V)P,

with (y/2) terms considered for (p — 1) even (the example usesy = 4):
—[(4r + V)P = (4r + v)P?] —[(4r + V)P — (4r + v)P1],

and (y — 2)/2 terms, considered for (p — 2) odd
— [(4r + V)2 — (4r + V)P,

By this and similar techniques we obtain

p Formula y Form
odd | (4r+Vv)P+ (@r+ V)’ |odd |4s+][v(v—23)/2][y(v—1) + (v—3)]
even | 4s+ [2v/3](2v —5)(v —2) + [yv/6](v-5)(v-1)
(4r+v)° —(4r+v)*Y | odd | 4s—[v(v—21)/6][y(v—5)—3(v—3)]
even | 4s+ [yv/2](v-3)(v—1)
even | (4r+ V)P + (4r+ V)Y |odd |4s+[v(v—23)/2][-y(v—1) —(v—23)]
even | 4s—[2v/3](v° — 3v—1) + [yv/6](v — 5)(v — 1)
(4r +v)° —(4r+ V)Y | odd | 4s—[v(v—21)/6][y(v—5) + 3(v —3)]
even | 4s—[yv/2](v—-3)(v—-1)

To check, we may have to use

(V/3)(v-5)(v—-1) =v(v-3)(v—-1) (mod 4,
since there may be more than ore way to oltain these formulae.
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Of special note is that, by subtracting terms like (4r + v)P — (4r + v)P2, for p even we
can now obtain terms elliptic in u and x from the previously derived sums and
diff erences of powers for p odd

Formula, p even, r >0 Form
(Ar+1+uf—(4r+u—x)P |[4s—(2x/3) —3¥ —(4x/3) + 1
+2u(-u + 2 + X% + 3x - UX)
(Ar+1+ulP+@r+u—xP |[4s +(2x/3) +3x° + (4x/3) + 1
+ 2u(-x + u—13)

Using atypicd formula such as
Gr+1+u)Y—(@Gr+u=x)P=@Ur+1+ufP-@A +u-xy
—[(@r+1+uP—(4r+1+u
and puting v= (1 + u) or v = (u—Xx), the sum and dff erence tables of section 5for p
odd, and the &ove table for p even, then give formulae (mod 4) for arbitrary sums
and dfferences of powers. Thus for both p even and p oddwe obtain the following
elliptic aurvesin uand x, linea iny, reduced mod 4

p Formula y Form
odd | (4r+1+u)P+ odd |4s—(u3)2u—-7(u-1)+1-
(4r +u—x)> X/I2)[(4-u(u—-x-1) +UuU-1(x-1) -

[(x—=1)(2x-1)/3] + 2] +
[(U=X)(u—x—-2)/6][y(u—x—-5) —3(u—x—3)]

even | 4s— (W3)(2u-7)(u-1) +1-
xX2[4-w(Ru-x-1) +(Uu-1)(x-1) —
[(x—=1)(2x-D)/3] + 2] —
[y(u—x)/2](u—=x —3)(u—x—1)]

4r+1+uP’+ |odd |4s—(W3)2u-7(u-1)+1-

(4r +u—x)° X2[4-w(Ru-x-1)+Uu-1)(x-1) —
[(x=D(2x-1)/3] +2] +

[(u+ Du/EJ[y(u—4) —3u-2)]

even | 4s— (UW/3)(2u-7)(u—-1) +1-
X[(4-wRu—x-1)+Uu-D(x-1) -
[(x=1)(2x—1)/3] + 2] —[y(u+ 1)/2](u—2)u

(4r+1+u)f- odd |4s+ (x+ D[(B-u)(u—(x/2)) + (ux/2) -
(4r + u—x)» (XI3)(x +¥2) + 1] —
[(U=X)(u—x—2)/6][y(u—x—5) —3(u—Xx—3)]

even | 4s+ (X + D[(3-u)(u—(x/2) + (ux/2) —
(XB)(x +Y2) + 1] +
[y(u—x)/2J(u—x —3)(u—x—1)]

@G+1+uP’— |odd |4s+ (x+ D[B-u)(u-(x/2) + (ux/2) —
(4r +u—x)P (XI)(x +¥o) + 1] +
[(u+ Dwe][y(u—4) —3u—2)]

even | 4s+ (x + D[(B-u)(u—(x/2)) + (ux/2) —
(X/)(x +¥2) + 1] —[y(u + 1)/2](u— 2)u

even | (4r+1+u)+ odd |4s+ (2X/3) + 3 + (4x/3) + 1 +
r>0 | (4r + u—x)*Y 2u(-u+ 2+ x*+3x —ux) +
[(U=X)(u—x—2)/6][y(u—x—5) —3(u—Xx—3)]
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even | 4s+ (2X°/3) + 3 + (4x/3) + 1 +
2u(-u+ 2+ x*+3x —ux) +
[y(u=x)/2](u—x —3)(u—x—1)]

(Ar+1+ulPY+ [odd |4s+ (2x/3) +3x° + (4x/3) + 1 +
(4r + u—x)P 2u(-u+ 2+ x%+3x —ux) +
[(u+ Dw][y(u—4) + 3(u—2)]

even | 4s+ (2x°/3) + 3xX° + (4x/3) + 1 +
2u(-u+ 2 + X+ 3x —ux) + [y(u + 1)/2](u—2)u

(4r + 1+ u)° — odd |4s—(2x/3) —=3X —(4x/3) + 1 +
(4r + u—x)"Y 2u(-u+ 2+ x2+3x —ux) +
[(U=X)(u—x—2)/6][y(u—x—5) + 3(u—x—3)]

even | 4s— (2x°/3) —=3X° — (4x/3) + 1 +
2u(-u+ 2+ X%+ 3x —ux) —[y(u+ 1)/2](u—2)u

(Ar+1+ulPY— [odd |4s—(2x/3)—3xX —(4x/3) + 1+
(4r + u—x)P 2u(-u+ 2+ x*+3x —ux) +
[(u+ Dwe][y(u—4) + 3(u—2)]

even | 4s—(2x°/3) —=3X° — (4x/3) + 1 +
2u(-u+ 2 + X+ 3x —ux) + [y(u + 1)/2](u—-2)u

The correspondng formulae for e.g.
h(4r + 1+ u)®+ q(4r + u—x)"
can be obtained from the above sums and dff erences.

The above formulaehave afinite number of integer solutions mod 4 arising from the
periodicity in u, x andy —a maximum of 2% = 256 pasihilities, given that p has two
sets of solutions, for even and odd and the first exporent is or is not less than the
seand Explicit cdculations reduce this — less than the number of solutions derived in
elliptic aurve theory from a dired application of Siegel’s theorem [26], [27]. The
theorem of Mazur puts limits on the torsion subgroup, giving crudely less than 240

possibili ties [20], [24].

Rather than use reduction mod 4 we can procedl as follows.
@+v)°—(@+ V) =gs+vPHv-1),

thus by ‘chaining’
@+ VP =@+ V)T =gs+ VYT 1),

Exercise. René Schod [25] poses the problem — for exporents 3 2, when are
differences of powers of the form 2 (mod 4? We ask, does 2 only = 32—~ 5% in powers?

We will write such dfferencesin the form (A + B) where

A=mP—nP

and
B - np _ np'y,

or of theform (C + A), where
C=m"Y —mP,

Since B and C are dways even, soisA.
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We first investigate the cases for A —where A is even.

A factorises as
(Mm=n)(Mm"t+m"n+ ... + Y.
Because A isnot odd so nt m— 1, the factorisation exists.

If mand nare even, then A °© 0 (mod 4.

Otherwise, m and nare odd
If piseven, then

A = (m—n)(an even number of terms, each of which is odd)

° 0 (mod 4.

If pisodd if both m and nare of the form 4r + 1, or both are of the form 4r + 3, then
m-—n=4r, so

A ° 0(mod 4.
If pisodd if misof the form 4r + 1 and nis of the form 4r + 3, or vice-versa, then
since we are dealing with

A = (m—n)(an oddnumber of terms, ead of whichisodd),
then

A ° 2(mod 4.

This exhausts all the cases for the structure of A = mP — P, for A even.

We investigate
B=n"-n".
Write
n=4r+j.
Then
B = (4r +))*Y((4r +j) - 1).

If n=4r+1, then
BO (4r+1)(4r+1—-1)° 4r° 0 (mod 4),
so for n=4r + 1 thereis only one case, irrespedive of whether y iseven or odd

If n=4r+ 3, andy is even, then
(4r+3)’° 1 (mod 4),s0B° 4r° 0(mod 4.
If n=4r+ 3, andy isodd, then
B=(4r+3)(4r+2)° 4r+2° 2(mod 4.

If niseven,if n=4rthenB° O0(mod 4. If n=4r + 2, if p—y = 1then
BO (4r +2)(4r + 3) ° 2 (mod 4,

andif p—y=1,yisevenand pisoddforn=4r + 2, then
B° (4r+2)(4r +1)° 2 (mod 9,

otherwiseif p—y?* 1, then
B° 0(mod 4.

We note that if nis negative, then if the cae n pasitiveis of theform 4r + 1, then-nis
of the form 4r + 3, likewise n = 4r + 3 implies -n = 4r + 1. Thisis a salient feature of
our calculations, since if p—y is even, we may need to include the case (-n)*Y = n®?.

This exhausts all the cases covering B.
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We now work out explicitly configurations for C, which is negative for y > 0. The
argument parallels that for B exactly. We write

m = 4r + Kk,
so that

C = (4r + K)PY(1 - (4r + k)").

Allocating m = 4r + 1 gives
CO(r+1)(1—4r—-12)° -4r° 0(mod 9,
whereas if m = 4r + 3, first considering y even,
(4r + 3)’° 1 (mod 4,
so in this case
Co(4r+1)(1—-4r—2)or (4r+3)(1—4r—-1)° 0(mod 4,
and for they oddcase
COMr+1)(1—4r—-3)or(4r+3)(1—4—-3)° 2(mod 4.

The case for m even is likewise similar, which givesC° O (mod 4 if p—y?* 1.

The comment for B on (-n)"Y solutions also hdds for C with (-m)PY solutions. Thisis
appasite, since a reversal of sign for m in bah A and C results in a cancellation o
bath (-m)° termsin (C + A).

If (A+B)or (C+A)° 2(mod 4, thenfor (A +B), A° 0(mod 4 andB ° 2 (mod 4),
or vice-versa, and similarly for (C + A).

For (A + B), if A° 0 (mod 4), then m and nare even, so n=4r + 2, y isoddand pis
even or y is even and pis odd and p—y = 1, which hreaks the stipulation d the
problemthat p—y?* 1, sothere ae no such cases.

If A° 2 (mod 4, then pisodd mis of theform 4r + 1, nislike 4r + 3 or vice-versa,
andB ° 0(mod 4, soif n=4r + 1 this stisfies, but if n=4r + 3, theny is even.

Thus, if we consider A with B © 0 (mod 4), then the lowest such pasitive numbers A
arefor p odd> 1, withm=4r + 1 and n=4r + 3 or vice-versa,
3P -1°=265°-3=98 7°-5°=218 3° - 1° =242 7° - 1° = 342 etc.

For the same A © 2 (mod 4) with |m| > |n|, where |m| is the positive magnitude ({m?),
we generate additional (A + B) entries for n = 4r + 1 with freedom for y (which can
also be negative), i.e. the additional terms for low powers
7°—(-3)*=262 7°-5°=318 7°—(-3)°=334
andif |m| £ |n| we obtain, for low values of m and n, the (A + B) terms
3-_5=232-(-3°=18 3°-5°=118 3> - 5% = 218 3°— (-3)* = 234 etc.
For n = 4r + 3 and |m| > |n|, we have the extralowest term 5° — 3> = 3098

We now redise that all terms with the (A + B) structure: positive m > pasitive n and
y 3 Oare® 26, the lower powers and values of m and ngenerating the lowest (A + B).

If A°© O(mod 4 for (A + C),thenm=4r+ 2. InthecaseC°® 2(mod 4,p-y=1
again —which dces nat satisfy the problem criteria.

Accordingly, A° 2 (mod 4 andC° 0(mod 4. For jm|> |njand b=4r + 1, y iseven,
so we can consider alow value of (C + A) correspondng to arelatively high value of
m, e.g.

15° - 5°= 250
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In this and the next case, if |m| < |njandy > 0, al (C + A) terms are negative.

For (C+A),ifn=4r+3,som=4r+1, p—yisfreetorange &ove 1. If |m|> |n| then
we have low terms like

(-7)? =3 =22 5"-3=382 9°—3° =486, (-7)* — 3° = 2158 etc.
Some of these terms can be quite small, e.g.

13°-3"=10.

5. Fibonacci, Lucas and other sequences.

Almost al our results are based onextensions of the simple gyclotomic rule
- =(g-d(@ + M+ P + .+ P,

We will now seehow these ideés recur in defining Fibonaca numbers f, and Lucas
numbers | .
p= 0 1 2 3 4 5 6 7 8 9
fo= O 1 1 2 3 5 8 13 21 34
b= 2 1 3 4 7 11 18 29 a7 76
Each Fiboracci and Lucas number is the sum of the previous two. They can be
derived from the following sequence

1 X ¥ x xr X
where x* = x + 1, which by the quadratic formula has roats
t=(1+ )2 s =(1-0m)/2,

so that
t—s=Candt +s =1.

Then linea combinations of tP and s® are dso such sums, and
fo= (tP—sP)(t —s)
={((1 + GB)/2)° - (1 - CB)/2)P} /B
=tPl+tP % + .. +sP?
=P(s=1, p- D[t + s(e- i2pgp)].

The Lucas number is
lp = (tP + sP)/(t +s)
={(1+®)/2)"+ ((1-C)/2)}.

For odd pwe have seen thisis just
lp= tP7 —tP %5 + .. +sP7!
andforany p, sincet +s =1
lb=P(s=0,p-1)[t —s(e-ip(2s+ 1)/p)].

It is also passible to produce sequences in which each number is the sum of a factor
times the number before it plus a factor times the number two places before it. By
analogy with ou treatment of the Fiboracd and Lucas sequences, derived from the

sequence
1 X NG X3 x* X
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we now have
X2 = VX + W,
where the roots tx and sy satisfy
ty = (v + QV2 + 4w))/2, Sy = (V= Q2 + 4w))/2).

Once ajain, linear combinations of t,” and s,” are dso such sums, and
fup = (1" —SxP)/(tx —Sx)
={(v + Q2 + 4w))P — (v — O(V* + 4w))P}12PEv2 + 4w)
=tXP—l+ tXD—ZSX + .+ SXp—l
=P(s=1, p—1)[tx + sx(e- i2ps/p)].

The generalised Lucas number is
lup = (tx° + S:P)/(tx + Sx)
= {(v+ QV2 + 4w))P + (v — V2 + 4w))P} /2Py,
which for odd psatisfies
p= 0P —t,P %+ .+ 5,07t
andfor any p
lkp=P(s=0, p—D[tx —sx(e-ip(2s + 1)/p)]/v.

Let the first element of the sequence be K and the secondL, then
Oxp = (atx” + bsP)/(tx + sx)

satisfies
a = (VK/2) + [v(L — vK)/2QV* + 4w)]

and
b = (VK/2) — [v(L = vK)/2QV? + 4w)].

We can generalise these results in a different direction, in the first instance by
considering the sequencein which x® = x? + x + 1. This has the solutions [24]

t = (U3)[1+ (19 + 3BV + (19— 3837,

s = (U/3)[1 + ws(19 + 3B + ws?(19 - 383,

r = (U3)[1 +ws?(19 + 3¢B3)Y° + ws(19 — 3¢B3)Y7],
where ws = ¥9[-1 + i(8].

We can consider linea combinations of powers of the @ove, in which for example
t+s+r =1,
when we get the generalised Lucas formula
dp=(tP+sP+rP)(t +s +71)
= (U/3)P{[1 + (19 + 3¢B3)Y® + (19— 3B MYP +
[1+ws(19 + 3CB3)Y® + wa?(19 - 3(B3)V°JP +
[1+ws%(19 + 30B3)Y® + w3(19 — 3E83)"%]7},
with values
p= 0 1 2 3 4 5 6 7 8 9
o= 3 1 3 7 11 21 39 71 131 241

We now generalise these numbers to zg,, given by the linear combination
30p = (@t + bsP + g P)/(t + s + nr).
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So, for p =0, suppacse 3gp equals the integer K. Then
Kit+nms +nr)=(a+b+g).

For p = 1, we choocse g, as the integer L, giving

(L—a)t +(Lm—b)s + (Ln—-K(t +nms +nr)+a+b)r =0.
If we alow mand n to be free variables, we have now introduced a @nstraint by
selecting L. For example, we could evaluate gin terms of a and b:

g=[a(L —Kt) + b(L —Ks)]/(Kr —L).

For p = 2, we dlocate 39, the integer value M. This additional constraint allows us to
express b interms of a:

a[(M —tL)t(Kr —L) + (L =Kt)(M —rL)r]

+b[(M —sL)s(Kr —L) + (L —-Ks)(M —=rL)r] =0.

We can now fix a by choosing suitable values of mand n. To simplify matters, we
choose m=n =1, asin the previous generalised Lucas squence. Thent +s +r =1,

Thusthe p = 0 case gives

g=K-a-b
and the p = 1 case then gives

b=[a(r —t)+L-Kr]/(s—r),
leading to

a(t—s)(t—-r)=M—L(s +r)+Krs.

If we put
T =(19+ 3¢B3)*®
and
U =(19- 383",
then
t = (U3)[1+T+U]
s = (U3)[1 + wsT + ws?U]
r = (U3)[1 + ws’T +wsU],
and wsing UT =4 gives
a[T?+U%+4] =3M -L(2-T-U) + K(T?+ U*-T-U-23)/3.

We note that
[T?+ U+ 4] = [T - 64/TYT?- 4]
=[T3-U¥Y/T -U]
=198[T - U]C83,
so it is possble to get an expresson for a with all surds in the numerator:
a=(K/3)+B3[T-U][3M + L(T+U -2 —K(T + U + 7)/3]/198
giving
b = (K/3) + (B3 [WsT —ws?U]
[3M + L(WsT + ws?U — 2) — K(wsT + ws?U + 7)/3]/198

The expressionfor gis likewise obtained from that for a under the transformation
a® gT® Wws’T,U® wsU.

Thus it is posgble to have integer generalised sg, sequences satisfying the linea
combinations of x* = the linear combinations of (x* + x + 1), i.e. a sequence
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p=0 1 2 3 4 5
= K L M  K+L+M K+2L+2M 2K +3L +4M.

We now generalise @& we did for the previous example involving a quadratic, to
consider the cubic equation
XC=ux +vx +w,
which, with x=y + u/3, may be written as
y2 + (U3 =v)y — (2u¥27) — (vu/3) —w = 0,
where we will use the variables
q=-u43-v
and
r=-(2u¥27) — (vu/3) —w.

The solution d this equationis
X = (W3) + e[1/2(-r + Or* + 4cf127))] V3
+nf1/2(-r - Qr* + 4¢?27)] %,

wherethe{e, n} pairingsare {1, 1}, {ws, Ws?} or {ws?, ws}.

Denating the threesolutions for x by ty, sx andr 4 respectively, we have
ty = (WI)[1+ Ty + Uy,
Sx= (UI?’)[]- + W3Tx + W32Ux]’
My = (W3)[1 + wa’Ty + waUy],
where
uTy = [1/2(20° + 9vu + 27w
+ -27UV + 486uwv + 108U'w + 729w% — 108V%))] V2
and
uUy = [1/2(20° + 9vu + 27w
— Q-27U1V? + 486ww + 1080w + 729w — 108v%))] V2,

Then U'T, Uy = -3q, SO
T, Uy = 1 + 3(v/U?).

So we investigate the allocation

30xp = (atxp + bSxp + gxp)/(tx+ Sx + rx)y
where

tx+Sx+ry=u.

For p =0, we set 30y, = K, S0
K=(a+b+gly,
i.e.
g=uK-a-b.

Forp=1, weputsgp=1L, S0
L = (atx+ bsy+ gry)/u,
giving
b=[a(rx—tx) +uL —uKr]/(Sx—rx).
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For p = 2, the dlocationis 30y, = M, which implies

a(t,2(Sx—Tx) + (Fx =182 =T A(Sx =T ) = (Fx =t )rx] =

U{M _L(Sxp—rx) + ['I- + er]sxz—l—rxz(sx—rxp) _['I- + er]rxz}y
or

a(tx _Sx)(tx_rx) = U{M _L(Sxp_rx) + ersx}.

Expressing the left hand side in terms of Ty and Uy gives
au(T,? + TUx + U3,
whereas the right hand side is
WM —Lu(2— Ty — U3 + KU1 = Ty — Uy + T, = TyUy + U A9}

Now

Tx3 - Ux3 = [Tx - Ux][Tx2 + TxUy + sz],
and we will also need

T2+ U3 = [Ty + Uy][ Ty = TxUyx + U,7.

Thus
au[T = U /3[Tx—Uy] =
{M —Lu2 = Tx = U3 + KU1 =Ty = Uy + [T, + U]/ [Ty + U])/9},
or
a=[Tx—=UJ/[T = U3 3M/u— L2-T-Uy)
+ Ku(l =Ty = Uy + [T, + U/ [Ty + Uy])/3}.

The expression for b is obtained from that for a under the transformation
a® b Ty ® WaTy, Uy ® Wa2Uy,

and the expressonfor gis likewise obtained from that for a under the transformation
a® g Tx® wiTy, Ux® wsU,.

The quartic equation X' = x3 + x* + x + 1 is also solvable. Putting x = y + Y4 gives
f(y) = y* — (1U8)y* — (138)y — 3394* = 0,

which can be put in the form
f(y) = (y* =y + m)(y* + jy + ).

Then
2m=j? - 118 - 13(8)),
2n=j%- 178 + 13/(8j)
and
h(?) =j® - (11/4)j* + (11547 — 134> = 0.

Let the resolvent cubic of the dove equation ke

-h(-5)=-h(z) =2 +a +bz+c
with a= 11/4, b = 1154% and ¢ = 13%4°, giving a discriminant for f(y) of

D =-16a'c + 4a’h” + 128°c* — 144ab’c + 271" — 256c° = 1,438756,811/4°%,
Since the discriminant of the resolvent cubic, Dyes, is minus the discriminant of f(y), so
Dies < O, the resolvent cubic has exactly one real roat, the roats of j being minus these
roots.
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The solutions for x are now
t = Ya+ Yo + QLUA-|* - 13(4))))
s = Vi+ Yo(-j — (Y114 - — 13(4))))
r=Ya+ Ui + QAV4—j? + 13(4)))
and
| =va+ Yl — QLVA - }° + 13/(4))),
where we can choose the positive sign in +¢)? from
2= (W3)[11v4 + B + (],
2= (U3)[17/4 + wsB + wsC]
or
2= (U3)[11/4 + wWs?B + wsC],
with red values
B = [¥4(-65 + 3 (3)(563)])]“ » 3.077469944
and
C = [v4(-65—- 3 (3)(563)])]“ » -4.549191464
(soBC=-14).

To simplify subsequent manipulations, we will also pu
R=81V4-j?-13(4))

and
S=Q1V4—j? + 13/(4))).

We now choose, analogously to the previous example,
40p = (at’ +bsP+ g P+d P)/(t + s +nr +xl),
uncer the smplified allocaionm=n=x=1, and ndingthatt +s +r +| =1.

Then the p = 0 instance gives, for integer K,
K=a+b+g+d.
For p = 1, we dhoose 49 as the integer L, obtaining
L=Y{%@a+b+g+d+(-a-b+g+dj+(@-bR+(g-d9
or
L =%¥K + (2g+ 2d —K)j + 2a + g+ d—K)R + (g—d)S].

For p = 2, we dhocse an integer 40, = M, SO
M =¥{¥a+b+g+d)+(a-b+g+dj+(@+b+g+d
+(@-b)(1-2)R+(g-d)(1+2)S+ (a+b)R*+ (g+ d)S]
or
M = [L - (KI4)(—))](%-]) + (g+ d)j?
—Yyg+d-K)R?+ (g—d)jS + (g + d)S2.

Then, for p = 3, we finally assign the integer 40, = N, which gives
N = (1/8)[(1/8)(a + b + g+ d) + (3/4)(-a —b + g+ d)j + (3/2)(a + b + g+ d)j?
+(-a-b+g+d)j’+3@-b)(¥a—j+])R+3(g-A)(¥a+] +]°)S
+3(a +b)(%—)R* + 3(g+ d)(%2 +))S’ + (a —-b)R’ + (g-d)S7,
that is
8N = [6L —K(1—2)](%2 —j)*+ (2L + K(1 - 2)))R?
+(g+ d)((3/2) -j)(4° - R’
+3(g+ A% +))S’ + (g-d)(6) —R* + S)S.
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We observe that, if we apply the transformation S® -S, each o the equations for K,
L, M and N are invariant under the swap transformationsg® dandd® g Alsothese
equations are invariant under the swap transformationsa ® b, b ® a, if we combine
them with the substitution R ® -R. The simultaneous transformationsa ® g, g® a,
b® d,d® b incombinationwith the transformationsj® -j,-j® j,R® S, S® R
likewise leare the formulaeinvariant.

Hence if we obtain a symbadlic formulafor d, we an find the formula for g from it by
substituting each occurrence of S by —Sin the equation for d. Similarly, if we obtain a
formula for a, the correspondng formula for b is derived by substituting R by —-R in
the a equation. Moreover, we can oltain the equationfor a from the equationfor g by
applying for every j, R and S, the transformationsj ® -j,-j® j,R® S andS® R.

Since swapping j and -j swaps the values of S and R when these are expanded out in
terms of j, the formula described above for a (or by similar methods for b), obtained
under aj, -j swap, is dill valid after eliminating R? and S? by substituting expressions
that involvej.

The equationfor M we now put in the form

Pg=E + Fd
where

P=j%+|S—ViR* + VS,

E=M —[L —(K/4)(¥2—))](*2—]) - VKR?
and

F=-°+|S+ ¥R - vS.

The equationfor N we dlocée as

Qg=G+Hd
where
Q=((32) —))(4* - R%) + 3(%2+ [)S* + (6] - R* + S)S,
G=8N—[6L —K(1-2))](*2—j)*—[2L + K(1-2)]R?
and
H=((-3/2) +)(4° - R - 3(*2+))S’ + (6 —-R* + S)S.
Then
d = [EQ - GP|/[HP - FQ].
We establish that
P=-F+2S
and
Q=-H+2(6) —R*+S))S,
SO

HP—FQ = 29[Hj — F(6] —R* + )]
= 25{[-2j* + (R?/2) + (32/22]2 -R’$%
= 25{8j* — 15% + (13/(4))}.
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Expanding EQ — GP by separating out termsin K, L, M and N, gives
EQ—GP=K[(Q/4) — (1-2)PI[(*2—})*—R?]
+L[(*2—)(-Q + 6(%2—)P) + 2R°P|
+MQ — 8NP,
or
EQ—GP = (K/4)[2(1 + 2))j? + ¥(-R* + $) + j(-R? + 55?)
+2(1+ 4PiS+ (-R°+ $)S|[(v2—)° - R]
+ (LI2)[(-3 + 4 + 4j9)j>
+ (BIA)(RP =) +j(-1+ 3j2(R2 + 359)
+3(-1+ 4j22jS+ RY(S*-R?)
+(1+ )RS + (-1 + 2)S7]
+M[((3/2) —))(4° = R%) + 3((1/2) +)S’ + (6] —R*+ S)g]
+ 2N[-4j* - 4S+ R* - 57,
and substituting for R and Sin terms of j, reduces the formulato
EQ—-GP= (K/4)[(392) + 11 + 2j*+ (13/(4)))
+[2] + 8%+ 13(2))]SI[-5/2 -] + 2j* + (13/(4)))]
+L[(-13/4) + + 152 + 4i° — 4* + 13/(2)) — 169(16)
+[(4) +4° - 13(4))]S]
+M[(132) + 11j + 6> —8° + 39(4)) + [6] + 13/(2))]F]
+ N[-8j* - (13/)) - §S].

Thus
d=[EQ - GP/[2S{ 8" — 13j* + (13/(4}))*}].

We have similarly
g=[EH - GF]/[HP - FQ)].

An analogous argument to that for EQ — GP yields
EH — GF = K[(H/4) - (1 - 2)FI[(*2—)* - R?]
+ L[(%2—])(-H + 6(%2—])F) + 2R°F]
+ MH — 8NF,
giving, either under the substitution S® -Sfor d, noting the denominator contains S,
or diredly
EH — GF = (K/4)[-2(1 + 2))j? + Y(R* — SZZ) +j(R? - 55)
+2(1+ 4PiS+ (-R°+ $)S[(2—)° - R]
T e ) g sy
+3(-1 + 4 ?jS— RS- Rg)
+(L+ )RS+ (-1 +2))S]
*M((-3/2) + j)(4122— R?) - 3((1/2) +))S* + (6] —R*+ S)S]
+ 2N[4j* - 4S-R?*+ 7,
and substituting for R and Sin terms of |, enables us to deduce

EH — GF = (K/4)[(-39/2) — 11 — 2j* - (13/(4)))
+[2) + 8;2 + 13/(2])}8][—5/2 —j +2)%+ (13(4))]
+ L[(13/4) —j — 15° — 4 + 4j* - 13(2)) + 169(16])
+[(4j +4° - 13/(341')]5]
+M[(-132) = 11 — 6%+ 8*—39(4)) + [6] + 13(2))]S]
+ N[8j + (13/)) — §S].
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This leads to the result
g=[EH — GF/[2S{8]* — 13j* + (13/(4)))*}].

We obtain a by swap techniques, or otherwise are able to insert values of gandd in
a=[L-¥K —(g+d—(K/2)j —¥(g—d)S)/R - (g + d—K),
which gives
a = {(KID[-2(1 - 2)j* + S’ - R?) —j(S - 5R?)
-2(1- 41)£R+ (- +RAR|[(~2+])*-S]
+ (LI2)[(3 + 4 — 4°)]
+ (3/4)(-S* + RY) +j(-1-3))(S* + 3R?)
—3(-1+4AR-F(R*-S)
+(1-2)SR-(1+2)RY
+M[((-3/2) —j)(4* - S°) - 3((1/2) — ))R? + (-6] — S*+ R)R]
+2N[4j% + 4R - S + RM[2R{ 8" — 11j% + (13/(4)))*}],
and correspondngly, by substituting for R and Sin terms of j, we compute
a = {(K/A)[(-392) + 11 — 2%+ (13(4))
+[-2] + 8> = 13(2)IR][-5/2 + | + 2j* — (13(4)))]
+L[(134) +] —15° + 4> + 4)* + 13(2)) + 169(16?)
+[(-4) — 4° + 13(4)IR]
+M[(-13/2) + 11 —6/°—8°+ 39/(4)) - [6] + 13(2))IR]
+ N[8* - (13/)) + 8iRI}[2R{8j* — 13j* + (13/(4)))}].

Thuswe can find b from
b=K-a-g-d,
or by alternative methods using swap techniques, either of which give us
b = {(KIA)[2(1 - 2))j* + Y-S + R?) —j(-S" + 5R?)
—2(1- 4R+ (-S* + ROR|[ (e +])* - S
+ (LI2)[(-3- 4 +49)}?
+ (3/4)(S =R +j(1 + 3j)(S* + 3R?)
—3(-1+ 4R+ S(R*-S)
+(1-2)SR-(1+2)R?
+M[((3/2) +)(4i* =) + 3((2) —)R? + (-6] = S*+ R)R]
+ 2N[-4j% + 4iR + & — RA}[2R{ 8" — 12j* + (13/(4)))3 ],
and substituting for Rand Sin terms of j, produces the formula
b = {(K/4)[(392) - 11 +2j*— (191(41))
+[-2) + 8£ - 13/(29} R][-5/2 -] + 2j° —(19;(41))]
+L[(-13/4) —j + 15° — 43 —13(2)) - 169(16)
—[(4 + 4° . 13/g41)] R]
+M[(132) - 13 + 6"+ 8" —39(4)) —[6 + 1I(2)]R]
+ N[-8j% + (13))) + §iR]}/[2R{8* — 11j% + (13/(4)))?}].

So it is possible to compute integer generali sed 4gp sequences satisfying the linea
combinations of x* = the linear combinations of (x* + x* + x + 1), that is, a sequence

p=012 3 4 5 6 7
dp= 413 7 15 26 51 99

p=KLM N K+L+M+N K+2L+2M+2N 2K +3L+4M +4N 4K +6L +7M + 8N
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etc. The sequence may be extended for negative p, and the formulae are also valid for
K, L, M and N complex numbers.

Asan extension of Lemma 1in section 22, we mention the result
Let hy, h, and hs be the threeimaginary unit quaternions. Then
dp= (P +sP+rP+1P)
=P(s=0,p- D[t —s(e hip(2s + 1)/p)
—r (e hop(2s+ 1)/p) —1 (e- hap(2s + 1)/p)].

We can also consider linear combinations of roats of x* = tx® + ux? + vx + w. Putting
X =y +t/4 gives
f(y) = y* = [(3t%/8) + uly* — [(%/8) + (ut/2) + v]y
—[(3t4% + (u/16) + (tv/4) + w] = 0,
which can be put in the form
fly) = (y* —jy + m)(y* +jy + n).

Then
2m =j2—[(3t%/8) + u] —[(t3/8) + (tu/2) + V]/j,
2n=j?—[(3¥8) + U] + [((t}/8) + (tu/2) + V]/j
and
h(%) = j® = [(3t%4) + 2] j* + [(3tY4?) + t?u + tv + 4w + u?]j?
— [(t/8) + ut/2 + v]* = 0.

The solutions for x are now
tx = t/4+ ¥ + QG - 4n)

Sx = t/4 + Yo(-j — Q% — 4n))
ry = /4 + () + Q% — 4m))

and

|y = t/4 + Ya(j — Xj® — 4m)).
If we write

2= K+ [t14 + 2u/3],
then

K + [(-u¥/3) + tv + Aw]k? + [t°w + (2u*/27) — (tuv/3) + (Buw/3) —V*] = 0,

which using new variables g andr, we put inthe form

K+ qiké+r=0,
SO

j2 = [t14 + 2u3] + 1/2(-r + Q% + 4¢27)] 2 + q[/2(-r — r* + 427))] 3,
wherethe{e, g} pairingsare ayain {1, 1}, {ws, W%} or {ws?, ws}.

To simplify subsequent manipulations, we will also pu
R={j*-4n

and
S=qj%-4m).

We now choose

aOxp = (@t + bs, P+ g P+ dl P)(tx + mBy + nry + Xl ),
under the smplified allocaionm=n=x=1, and nding that ty + sy +ry+ 1 x=t.
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Then the p = O instance gives, for 40xp = K,
Kt=a+b+g+d.

For p = 1, we dhocse 40xp as the value L, obtaining

Lt =%t[Y(a + b +g+d) +(-a—b +g+d)(/t) + (a —b)(R/t) + (g—d)(S)]
or

Lt = Va[¥Kt + (2g+ 2d — Kt)(j/t) + (2a + g+ d — Kt)(R/t) + (g—d)(S/t)].

For p = 2, we choose avalue 40xp = M, SO
Mt =Vt Y a + b + g+ d) + (-a —b + g+ d)(j/t) + (a + b + g+ d)(j/t)?
+ (@ —b)(1—2(/))(R/) + (g—d)(1 + 2(/1))(SH)
+(a + b)(RIt)* + (g + d)(S)’]
or
Mt = t{[L — (Kt/4) (Y2 — (/)] (Y2 = (/) + (g+ d)(j/t)
— g+ d— KR + (g—d) (2 + va(g + d)(St)}.

Then, for p = 3, wefinally assign the value 40y, = N, which gives
Nt = (U/8)t°[(1/8)(a + b + g+ d) + (3/4)(-a —b + g+ d)(j/1)
+(3/2)(a + b + g+ d)(j/t)* + (-a —b + g+ d)(j/t)®
+3(a —b)(¥a— (i/t) + ()*)(RIt) + 3(g—d)(¥a+ (/1) + (/)*)(SI)
+3(a + b)(Y2— (1)) (RI)* + 3(g + d) (V2 + (i/1)(SIt)?
+(a —b)(Rit)* + (g—d)(St)7],
that is
8Nt = t3{[6L — Kt(1 — 2(j/t)] (%2 — (j/1))* + (2L + Kt(1 = 2(j/t)))(R/t)
+(g+ d)((3/2) - (11))(4(/H)° - (Rit)?)
+3(g+ d)(%2+ (11)(S/)* + (g— d)(6(/t) — (Rt + (St)°)(St)}

Our comments on swapping a, b, g and d symbols made in the previous example
wherewe hadt = u=v =w = 1 still apply, including the statement that swapping j and
-] swaps the values of S and R when these are expanded out in terms of j, since this
swaps m and n Thus the formula described for a, say, obtained under aj, -j swap, is
still valid after eliminating R? and S by substituting expressions that involve .

The equationfor M we now put in the form

Pg=E + Fd
where

P = t[(j/t)? + | SIt? — Va(RIt)? + Ya(St)F],

E = Mt — L — (Kt/4) (Y2 — (j/))] (V2 — (i/t)) — VaKt(R/t)?]
and

F = -(j/t)? + | S/t + VuRIY)? — Y SH)F].

The equationfor N we dlocée as
Qg=G +Hd
where
Q = t%{((312) - (1D)A(/1)° — (RIt)) + 3+ (/1))(SIt)’
+ (6(j/t) — (RIt)” + (S)*)(SIN)},
G = 8Nt —t{[6L — Kt(1 — 2(j/)](v2— (j/t))* —[2L + Kt(1 — 2(j/t)] (RIt)%
and
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H = £{((-312) + (19)(4(/1)* - (RI)*) - 3(2 + (/)(S)*
+ (6(i/t) — (RIt)* + (SI))(S/D)}.

Then
d=[EQ-GP|/[HP-FQ].
We establish that
P=-F+2(jSIt)
and
Q=-H + 2[6(j/t) — (R/t)* + (SI)*] (S),
SO

HP — FQ = 2(SIt)[H(j/t) — F(6(i/t) — (R/t)> + (S/t)z)l
= 2(S/ty [-2@/02 + (RI)%2) + ((S)4/2)]° - (R/t)Z(S/tgz}
= 2(SI{[(8]* — 3t> = 8U)j?/t"] + 4[((t¥/8) + (ut/2) + v)?/(’t)]}.

Expanding EQ — GP by separating out termsin K, L, M and N, gives
EQ - GP = (KU4)[(Qt) — (1 - (/)P (2 — gJ/t))2 - (R/t)j
+ L[(2— (j/0))(-Qt* + 6(¥2— (j/1))Pt%) + 2(R/)*Pt]
+ MtQ — 8NItP,
or
EQ — GP = (Kt¥4)[2(1 + 2(j/t))(j/t)? + Ya(-(RIt)? + (St)?)
+ (/1) (-(RIt)* + 5(St)?)
+2(1+ 4(j/t))(jS/t22 + (-(RI* + (SI)*)(SIN)]
[(v2— ()" - (Ri)?]
+ (LP2)[(-3 + 4(jt) + 4102 (j/t)?
+ (3A)((RI? = (SI)?) + (I1)(-1 + 3(/)(RIY* + 3(SIt)?)
+3(-1 + 4(G)H)(S?) + (RIS - (RI)?)
+ (1 + 2(/) (R (SI) + (-1 + 2(/1)(SIt)’]
+ ME((3/2) — (1) (4G 1t)* - (RiH)?)
+3((1/2) + (j10)(S)? + (6(i/t) — (RIt)* + (S)*)(SIt)]
+ 2NE[-4(j/1)? — 4G S/t%) + (R/t)? — (S/t)?],
and substituting for R and Sin terms of j, reduces the formulato
EQ — GP = (Kt%/4)[2(1 + 2(j/t))(%'/t)2 +2(n —m)/t?
+ 4G/D[({* + n—5m)/t]
+2(1 + 4(] /t))(jS/t? + 4((n — m)/t)(S1)]
[(U4 = (1) + 4n/t?)]
+ (LE72)[(-3 + 4(/t) + 4(/))(jlt)?
+ (3(m —n)/t9)
+ 431 (-1 + 3G)((/1)* - (n +3m)/(t?)
+ 3(-1 + 4(j/t)?)(SIt?) + 4((j — 4n)/t%)(n — m)/t?)
+ (1 + 2(/t)((° — 4n/t)(SH)
+ (-1 + 2(/))((G* — 4m)*)(SIt)]
+ MEY((3/2) - (i/t)[4G/t)" - (g2 —4n)itY)]
+3((12) + (i1))((” - 4m)it%)
+ (6(/1) + 4((n—m)/t*)(SIt)]
+ BNE[-(j/t)? = (jSt2) — (n—m)/t?)].

Thus
d = [EQ — GPJ/[2(S){[(8j* — 3t — 8u)j*/t"] + 4[((t*/8) + (ut/2) + V)(4H]}].
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We have similarly

g=[EH - GF]/[HP-FQ],
given by the expression for d under the substitution S® -S, noting the denominator
contains S.

We also oltain a by swap techniques. The equation for a is now obtained from the

equation for g by applying the transformationsj ® -j,-j ® j,R® S,andS® R for
every j, RandS.

Thus, by swapping, we can then find b by substituting R by -R in the a equation.
So it is possible to compute a formula 40y, = (aty” + bsy” + g + dl P)/t, where the
linear combinations of pth pavers of roats stisfies x* = (tx® + ux? + vx + w), that is,

for a sequence

p =012 3 4 5
4Op= KLM N wK+vL+uM +tN tWK + (tv + W)L + (tu + V)M + (® + U)N, €etc.
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