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1.1 Introduction.

In this outline of our conceptual work, a review largely based on elementary methods,
which have been common mathematical currency for over two centuries, we describe
explorations of the mathematical landscape concerning global field theorems for
exponential powers.

In Section 1.2, we introduce an exponential notation.

Section 2.1 restates foundational rules for real exponentiation, providing proofs for
the basic ‘binomial exponent’ and ‘geometric exponent’ theorems.

Section 2.2 continues with new cyclotomic variants of the ‘Fermat subtraction’,
‘Fermat addition’ and ‘linear combination’ factorisation theorems, the latter being a
formula that is a linear combination of the previous two.

Section 2.3 develops in many variables the linear combination factorisation theorem.

Prime number, factorisation and divisibility theorems are discussed in Section 3. In
particular, we obtain primality conditions not dealt with in most textbooks, e.g. for
‘generalised Fermat’ numbers, for positive natural numbers y or 8 > 1 and p, we
prove that no number of the form " + & is prime, except for the possibilities p = 1 or
p a power of 2. For ‘generalised Mersenne’ numbers, no representations of primes are
of the form " — &, except for the possibilities p = 1, or = (Y- 1) and p prime. We



also discuss a linear combination of powers prime number theorem and continue with
a discussion on factorisation of pth powers ¥* + &".

This Section also discusses extensions of Fermat’s little theorem, including theorems
connected with reciprocity. We make some remarks on Fermat’s last theorem.

Section 4 analyses using elliptic curves the number of solutions mod 4 of differences
and sums of pth and different powers.

Section 5 discusses generalised Quadronacci numbers — each number is the sum of the
previous four, and generalised other such sequences — Fibonacci, Lucas and
Tribonacci numbers.

I would like to thank especially Doly Garcia for discussions and Roger Goodwin for

his advice, and to thank the mathematics department of the University of Sussex in
providing facilities for checking some long computations on Quadronacci numbers.

1.2 The a” = a Ib Ackermann-Knuth notation for exponentiation. [4]

We use sparingly a special symbolism to obtain our results and think a supplementary
notation “T* for aTb = a’ is suggestive and appropriate. “aTb” must coexist with the
current convention, so we would still use e.g. sin®. This has the advantages of being
more compact than exp{b}, complicated expressions become more visible and
simpler to notate, long sequences of exponents of exponents become easy to write and
friendly on line spacing, the choice between (aTb)Tc and aT(bc) allows flexibility and
nuance, and because usually aT(ch) * (aTb)Tc, the non-associative nature of
exponentiation becomes easy to specify.

2.1 Fundamental exponential theorems for real numbers.

Leta,b,...toh,a, B,v,0€ R" be non-negative real numbers and j, k, ... to z € N be
natural numbers. N starts from 1, unless O is otherwise indicated. Multiplication will
take precedence over exponentiation in implicit bracketing. We admit i[(—a)T(ip)]
and i[aT(ib)] as terms, but not otherwise i[(—a)T(ib)].

Factorisation of real numbers, or of complex numbers a + ib, is not unique. Natural
numbers factorise uniquely, and there is a type of unique factorisation for Heegner
numbers, given by p + q\/—l, p+ q\/—2 or ¥a(p + q\/—r), where -r is one of -3, -7, -11, -19,
-43,-67 or -163.

Since exponentiation is in general not associative, we need to understand both sides of
(aTb)Tc # aT(bTc), which is one of the principal objectives of our paper. Now
(aTb)Tc = aT(b X ¢), (a X b)Tc = (aTc) X (ch), aT(b +¢) = (aTb) X (aTc) and the
binomial theorem is (a + b)Tq = X(r = 0, q)[q!/ri(q — r)!]a'b ~ . We adopt the
convention that 0! = 1 and writing linearly put ax q =X(r =0, q— 1) a, where the sum
is0ifq=0, and aTq =II(r=0,q-1) a, where the product is 1 ifq=0.



Of course, aT(bTc) may be resolved immediately using the formula
aTdTc +d) = aT[bTe)bTd)],
or equivalently
aT(bTe) = aT{d[bT(c - logyd)]}
= {aT[bT(c - logyd)]} Td. m

In comparison with the rule for a% in terms of products above, the binomial theorem
for (1 + m)? gives an inductive formula for p%, p > 2, in terms of sums.
pI=q{Z(t=0,p-3)Z(tp-2-1=0,q=Z=0,t— Dr,_»_o)(1/rp 2}
[X(ro =0, q- X(v=0, t)rp—2—v)(1/r0![q -X(w=0,t+ 1)rp—2—w]!)]]}-

Proof. We employ a proof by induction. Using a new variable s, which starts from the
first term s = 0, the (s + 1)th term in a binomial expansion of (1 + p)?is
[q!/s!(q - )!1[pT(q - s)I.
Hence, putting s = r, _ 1, the sum of all these terms is
Atpg=q{ Z,-1=0,q)(1/r, 1) [1/q -1, DT [pT(@ -1, 1]},
so since the binomial theorem gives
2T(@-r) =1+ DT(@g-1)=Z@0=0,q-r){(q-r)Yrkq - -1},
the binomial expansion, Ay, 4, for (1 + p)Tq, p =2, is equal to our postulated formula
3Tq =q![Z(r1 =0, )/t H){ X(ro=0, q— r)[1/ro!(q — 11— 10)!]1}].
Now, assuming the formula for pTr, withr =q—-r,-1<q, above
Atip,q=q{ 2(rp-1=0,q)(1/rp 1)) [/(q-1,- D {(q -1, D! Z(t=0,p-3)
[S(tp-2-1=0,q-2u=0, Orp-1- )(1/rp_2- 1)
[2(r0=0,q-2(v=0,t+ Drp_ -y )(I/rol(q—XZ(w =0, t+ 2)rp -1 - w)DII}}.
Rearranging where t varies from 0 to p — 3, and cancelling terms
Al q=q{2Z(t=0,p-3)[Z(rp-1=0, q)(1/rp_1)
[Z(rp—2— ¢ =0, q- X(u=0, t)rp— 1- u)(l/rp—2— )
[E(ro=0,q-2X(v=0,t+ Drp_1-v)(1/rol(q - E(w =0, t+ 2)r, .1 - WHII}},
so the second line summation starts from r,_ . This implies
At q=q{2(t=0,p-2)[E(p-1-:=0,9-2=0,t—Dry_ - ) /rp-1-!)
[Z(ro=0,q— (v =0, 0, -)(1/r0}(q - Z(w =0, t + Dry_ 1 DI},
where t varies from 0O, then 1 (e.g. r,_> sum) to p— 2, that is, Ajp q= (1 + p)Tq. [ |

Using aT( X(G=0,k)z)=1IIG =0, k)(asz), aT(qu) can be expanded out using the
above formula to give the binomial exponent factorisation theorem (BEFT), or
expanded out fully as nT(qu).

The geometric exponent factorisation theorem (GEFT) for aT(b®) is
aT(Y =a{Ilr=0,q- 1) aT[(d* - 1)b]}.

Proof. Consider the geometric series
Sn= 0+ 0b° + ob™ + ... ... + ob™.
The sum is
Sn= o1 b V)/[1 -be].
Insert oo = [b° — 1] and n = q — 1. Then the sum becomes
(b= 1]=[b = 11{(®)TO+ (®)T1 + ... ... +®)T(q- 1)},
yielding
aT[b—1]=T(r=0,q-1)aT{[b" - 1][bTr]}. m



The geometric series is related to cyclotomic equations, studied in the generalised
Fermat factorisation theorems of section 2.2.

Incidentally, when the arithmetic (a special case of Bernoulli) series formula
2"V = [M(r=0, q) a”]

is combined with the GEFT above, it gives the result
al= (2" {TI(r =0, q) aT[(4r - 3/2(q + 1))/(2q + 3)]},

which reduces to
q="2+X(r=0,q[@r-3/2(q+ 1))/(2q + 3)],

as can be reconfirmed by routine calculation. A permutation of the argument gives
q=-32+Xr=0, qQ[(4r-3/2(q + 1))/2q-1)].

Proof. We give a proof motivated by exponentiation. The arithmetic series sum is
X(r=0,q9r=q(q+ )2,
thus
ad9* Y = [TI(r=0, q) a']~
Now
aq+ D=+ %)’ -%.
It follows that
aT(q+ %)’ =a[IIr=0, q) a”].
Applying the geometric formula gives
al(q+%)’ =a{Ir=0, 1) aTl(q - ¥)((q + 2 TD)]}
=afal(q- W1t - ¥2)(q + %]l
=alaT(q—)1T(q + 3/2).
We deduce
[aT(q - 12)] "> = ™[ T(r = 0, )],
the last product having q + 1 factors, from r = 0 to r = q. This right hand side is
[a3@* D@+ DY T = 0, q) 2] = TI(r = 0, q)a® - 34a+ 1),
Thus exponentiating by 1/(q + 3/2)
[97"] = TI(r =0, q) [aT(2r - 3/4(q + 1)]*4*?,
giving
al=aMI(r=0, q)[aT@r-3/2(q + 1))/ +?.
If instead we interchange (q — %2) and (q + 3/2) and exponentiate by 1/(q — ¥2)
al=aTI(r=0, qlaT@r-3/2(q+1)]"** " m

2.2 Generalised cyclotomic Fermat factorisation theorems.

The qth Fermat number is Fy=2T(2Tq) + 1. So Fy=3, Fy =5, F; = 17, F3 = 257, F, =
65537 and Fs = 4294967297. Our theorems relate to generalised such Fy. As Fermat
knew, the extended Mersenne number Fy — 2 =II(r = 0, q — 1)F,. The second Fermat
subtraction factorisation theorem example contains this result for a,p=2 and f=1.

An example of the first Fermat subtraction factorisation theorem (first FSFT) is

aT(p) = {[aT@* ™)~ [ Z(s=0,p - D[@TE " NTs) + 1.

The first FSFT is
aT[(bp)] - fT(gp)"] =
{[aT(bp)°” HI° - [fT((ep)" HIEH{ Z(s=0,p- 1)
[@T[op) " DTosI(ETI(gp)" ' DTap -1 - 9)1}.



Proof. Introducing o = ¥’ and B = &°, we explore the cyclotomic formula

P-F == +P 8+ + 48,
which can be written in the form
o — B — [al/p _ Bl/p]{ Z(S — 0’ p- 1)[a§/p][Bl - l/p—glp]}.

We obtain our result using
a.= al[(bp)] = aT[(bp)'(bp)*~'1 = (aTl(bp)*~ "D Tbp
and similarly

B =fTl(gp)"1 = ((T(gp)" "D Tep. m

An example of the second FSFT is
aT(p® - fT(pH =[a—f]I(r=0,q- 1)
{Z(s=0,p— DTEE "M@ -1-50p" " "I}

The second FSFT for free parameter m is
aT((bp)*) - fT(gp)") =
{aTI™(bp)* ™1 - fTI(e™(gp)" ™1}
I(r=0,m-1){X(s =0, p- DaT(bs((bp) ' NbTr)]
[fT(ep - 1 -s)(gp)" " NTr)I}.

Proof. Consider the identity
Y™ -8Te™ = Te™ - 8Te™ 1)
{Z(s=0,p- DIYTE™ NTSAETE™ NTp-1-9)1}.

The term (yT(p™~ ") = 8T(p™ ")) can be replaced for an nth general recursion to give
o™ - 3T = aTe™ ") -8Te™ ™)
(r=0,n){X(s=0,p- 1)
[ATE™ - DTSHETE™ D TE-1-9)1).
Hence allocating the maximum nth replacement to m — 1, our star equation is
) ATe"-8Te™ =[y-8Nr=0,m-D{E(s=0,p-1)
[ATE™ " DTSHETE™ N TE-1-9)1).

Put
o= aT((bp)")
=vT(p™,
leading to
y=7TT0) =yTI(p™ ™1 =[yTp"1T(p™)
= OLT(p'm).

Now, as can be confirmed by multiplying both sides by (bT-m),
pT-m= (bp)™b™,
SO
v=al[b™((bp)*~™)].
If we likewise allocate
B=fT(ep)"
=3T(p"),
reducing to
5=pTe™

then we obtain similarly



§=fTIg"(gp)" ™).

In consequence
aT((bp)*) - fT((gp)") =
{aT[b™(bp)°~ ™1 - TIg™(gp)" ™1}
r=0,m-DH{X(s=0,p-1)
[T NTSHBTE' NTE-1-9)1}.
For the first of the last two terms in [ ], assign
o= aT((bp))
and
p’ T =1(bp)" b .
Then this term is
{aTlbs[(bp)° " "o}
and the second term is by similar process

(Mg -1-s)(gp)" ' 1]} m

The first Fermat addition factorisation theorem (first FAFT) states:
Let g, p € N be odd numbers and h € N. Then
al((op)) + fT(ep)") =
{@Top) D" + (tTI(gp)" D Z(s =0, p— 1)
[@TIOp)~ DTosIDTI(gP)" D Telp - 1-9)1).

Proof. Introducing
a=7,p=25,
we revisit the first FSFT equation
B =[a =B Z(s=0,p- DI@B"]).

Using
a.= al(bp)* = aT[(bp)'(bp)*~ 1= (aTl(bp)*~ N Tbp
and similarly
B=1T(gp)" = ((T(gp)" "D Tep
gives, under the transformation B — -P, that B'P changes sign as & — -8, since p is
odd, which transforms f — -f, since gp is odd in B = T (gp)h. Hence the result. ®

The second Fermat addition factorisation theorem (second FAFT) for free parameter
m states:
Let g and p € N be odd numbers and h € N. Then
aT((bp)*) + T (gp)") =
{aTI®™bp)° ™™ + fTI(e™(gp)" ™)
(r=0,m—- D{Z(s=0, p— D[aT(bs[(bp)° " Ib"]
[(-DT(ep-1-9)0em" " IO}

Proof. The conditions are identical to the first FAFT, and the proof follows by close
analogy with the second FSFT proof. In particular, we note the following result,
suitably amended, i.e. we have performed the transformation & — -9.
=) ATpTm) +8T(pTm) =[y+ 8] (r=0,m- 1){Z(s=0,p— 1)

[T Tm — 1 =D TSIES) TP Tm -1 =D TP - 1-9)]). m

We subsequently identify €, 1, 6 € C as complex numbers, e = 2.718... and i = V-1.
We now relax our conditions, to allow complex arithmetic on, but not further non-



real operations within, for example, aTb = eT(inq/p) terms. A way of doing this is to
consider aTb expressions as scalars and complex numbers as vectors. This is an idea
found in K theory.

We have stated that our factorisation theorems give unique factorisation when applied
to natural numbers up to order of factors.

For complex cyclotomics as used in the next lemma, uniqueness of factorisation
depends on the class number [30]. That is why, in section 3 on prime number and
factorisation theorems, we prefer to use formulae developed for the real case.

The next FAFT theorems have FSFT analogues. Here is Lemma 1.
P+ =TIs=0, p-D[y-deTin2s + 1)/p)].

Proof. We first note that the leading term in the expansion is y*. The trailing term is
(-8)P(eTin[Z(s = 0, p — 1)(2s + 1)/p]).
Now the following arithmetic series sum has the value
X(s=0,p-Ds=p(p-1)2,
so the ¥ summation in [ | above is
[2(p(p - 1)/2) + plip=p.
Hence, irrespective of whether p is even or odd, since eTin(2s + 1) = -1, the trailing
term is &'

Now consider the nth term in the expansion. If n # 0 or p — 1, it consists of a
summation
Y(r=0, m)gsy "d"

each &, is the product of n factors (eTim(2t + 1)/p), where the product terms range over
all combinations of t from O to p — 1. If &, # 0, it consists of a non-zero vector in the
complex plane. Permute the roots under the cyclic transformation s — s + 1. Then &
- (eT27tin/p)$r # &, and X.& remains the same, since it consists of the sum of all
combinations. The rotation of roots implies the complex sum vector must also be
rotated by an & multiplication # 1, a contradiction unless the sum is zero. B

The third Fermat addition factorisation theorem (third FAFT) is
aT((bp)*) + fT((gp)") =T(s =0, p- 1)
{@T1op) ™' D" - (Ti(ep)"~'DEeTin(2s + 1)/p)}.

Proof. Put
oa=v,p=27".
Then using lemma [, we obtain
o+ B=T(s=0,p— Do’ — BPeTin2s + 1)/p)]
and with the substitutions
a=aT(bpTe)=al[(bpTHbpT(c- 1) = aTbpT(c - 1)])Tbp
and
B=fT(gpTh) = (T[gpT(h- ) Tep,

this results in the theorem. W

Lemma 2. Let p = j(2Tk) with j odd and k non-negative. Then
eT(in2s + Dip) = - T(A/p) = -1
has a real root (which is -1) only for k = 0.



Proof. Let k =0, so p is an odd number. By applying T(l/p) to the equations below
1=(-DTp

is a solution, for p odd, so " V-1 has a real root, -1. If k # 0, then p is even, implying
-1#(-D)Tpand-1#1Tp.

The norm of the root is 1, so there are no real root of -1 possibilities for p even. B

The fourth Fermat addition factorisation theorem (fourth FAFT) states:
Letp € N be an odd number. Then for free parameter m
aT((bp)*) + T (gp)") =
{aTI®™bp)° ™™ + fTI(e™(gp)" ™)
[r=0,m-D{II(s=0,p— 1, omit (p — 1)/2)
[(aT(bI(bp)° =" ~Ib%)
— (T (el(gp)" ™' "gh(eTin2s + p)l}.

Proof. Consider the following factorisation identity, beginning with the ‘real root’
case, which corresponds to s = (p — 1)/2, so by lemma 2, p is odd:
YTpTm) +8T(pTm) = {yTpTm- 1)+ §TeTm - 1))
I[I(s=0,p -1, omit (p — 1)/2)
(YT (pT(m - 1) - [(8T(pTm - 1)1eTin2s + 1)/p)].
The term {yT(pT(m - 1)+ ST(pT(m — 1))} can be replaced for an nth general
recursion to give
YTpTm) + 8T(pTm) = {yT[pTm-1-n)] + 8T pT(m-1-n)]}
[(r=0,n)[II(s=0,p -1, omit (p— 1)/2)
(YTpTm—-1-0]1- @TpTm-1-0)](eTin2s + 1)/p)]}.

Hence allocating the maximum nth replacement to m — 1, our equation is
YTpTm) + 8T(pTm) = [y+ 8] II(r=0, m— ){ (s =0, p— 1, omit (p — 1)/2)
(YTpTm -1 -1]1- @TpT(m - 1 - n))eTin2s + 1)/p)}}.

Our substitutions now follow the steps of the second FSFT. Put
o= aT(prc) = yT(me).
We recall this leads to
Y= OLT(pT—m) = OLT[(pr—m)(bTm)] = aT[(bTm)(pr(c —m))].
If we likewise allocate
B =T(gpTh) = 8T(pTm),
then we obtain similarly

§ = fT(gTm)(gpT(h - m))].

Consequently
aT(prc) + fT(ngh) =
{aT[(bTm)(bpT(c - m)] + T(gTm)(gpT(h - m))]}
[r=0,m-D{II(s=0,p—- 1, omit (p — 1)/2)
[(@TpTC1 -0 - BTpTC1 - DEeTin@2s + 1)/p)1}.

For the first term of the last expression in [ ], assign
o= aT(prc)

and
pT1 =)= [bpTC-1 - D1bTA + ).

Then this term is

{aT®bpTc-1-0]bTr)}



and in comparable manner the second term is

{(fT(elgpT(h - 1-Dl(gTr)))eTin2s + 1)/p)}. m

Under the FAFT constraints, say p odd, each of the FAFT and FSFT equations is
equivalent by “if and only if” equivalence to the identity (y, 8) = (Y, d), so under
FAFT constraints their equaliser (intersection) is also equivalent to this identity. Thus
we can also form linear combinations of FAFT and FSFT equations. These theorems
we call linear combination factorisation theorems — LCFT. Here is a typical example.

Let gandp € N be odd, h € N. Put
A =aT[b™(bp) ™™
B = fT[(g™(gp)" ™
Cr=2X(s=0, (p— 1)/2){aT2bs[(bp)° "' ~"Ib")}
{(fT(gp - 1-29)[(gp)" "' "IN}
D, =X(s =0, (p—3)/2){aT(b2s + 1)[(bp)* " ~"Ib")}
{fT(g(p -2 -29)[(gp)" " "IH}.
Then
nlaT((bp)*)]1 + 6[fT((gp)"] = YI(M + B)(A + B)I1(r = 0, m — 1)(C, - Dy) +
M-60A-B)IIr=0,m-1)(C;+D,)]. m

Our formula for difference of powers may be generalised by putting q = jk and

Y- 8= [(yTh) - TR Z(s =0, ] — D[yTks][8Tk( - 1 - )]}

Accordingly, with j = 2", ax; a primitive 2jth root of unity and k odd
P+ 8= [(YTK) + (8) TKI{Z(s = 0, j — D[YTks][(-an;8) Tk(j — 1 - s)1},
or with the same j = 2" and k odd
P+ 8= [(yT2") + (8T2")
{(Z(s =0, k- DIYT2"sI[(-8T2") T (k- 1 - 9)]}.

This can be compared with the binomial identity
P+ 8= [(vTh) + BTk} -
(Zs=1,j—- DIG=DYs!G=1=)N[YTks][8Tk(G—1—5)]}. m

Thus for q even as above an option is
Z=n@") +6(3"
= Y[ + O)(YT[2" + ST2"DU + (m - O)(YT[2"] - ST 2"V,
with
U=2(s=0,k - DyT2"s){[-(T2M)T(k- 1 -5)}
and
V=2(s=0,k- DyT2"){8T[2"k-1-5)]}. m

The general LCFT formula for any p is then
Z =%[(1 - (-D)P)(formula for odd p) + (1 + (-1)*)(formula for even p)]. &

2.3 Extension of the LCFT to many variables.

We now give a modified example of the LCFT (note that here firstly, p is odd)
Z=n(yTp) +8(8Tp) = 14[(M + )Y+ H)X + (1~ O)(¥- Y],

10



generated from essentially v replaced by the sum of variables X(i= 0, n — 1)y, and 9
replaced by the sum X(i = 0, n— 1)d;. This is suitably general, because if, for example,
there are less variables d; than ¥;, say j of them, we can set §; to zero forj<i<n- 1.
We will first give an example restricted to the case n = 3.

The multinomial theorem 1s

Yo +Y1+ oo+ Y- 1)’ =ZpY(po!p1! .. pa— 1 DI TPO) ... (Y1 Tpas 1)1,
where the sum is extended over all non-negative p; with Xp; = p.

For example, if n = 3 = p, then
(Yo + 71 + 715 = (Yo + 3717+ 3% + (V°+ 3727+ 3%0)W1 + (127+ 3%+ 3717)p
+ 6Y0Y1Y>-

Let p be odd. Then the expansion of
(Yo+7i+ ...+ Y1)
can be written as a sum
Zy,combinations for y Jr ce x('Yr v 'Yx)
where the number of terms in the sequence t, ... X is y, with y odd < n and each
coefficient J; ... x is invariant under any transformation Ys — Vs, r > S > X.

Proof. Each term in the expansion is a scalar, a, times a product ITy%, with Xq = p, p
odd. This may be represented by oIl;y"ITkyi', with u even and v odd. Hence it may be
represented by even parity terms invariant under Yy, — -y given by oLy ' TLy" ~ h
each multiplied by odd parity terms (¥; ... Yx) = Ik Collecting together all the even
parity terms, we put

oo o= DoaIy Ty~

If there exists any term J; ... IIyYk, where k ranges over an even number of values,
then J; ... x = Lioullyy", where Lw is even for each i, since J; ... x is of even parity,
which contradicts for each i that p = Xw + the range of k values, is odd. Hence y = the
range of k values, is odd. W

Ifp > n, with p, n odd, then the number of J; ...  terms is 2"~ '. If p < n, the number of
terms is
Yk=0,(p-12)[nY2k+ 1)I(n-2k-1)!].
Proof. If p > n, then the number of terms is the number of combinations of odd %; ...V
=n+nn-1)Mn-2)23+...+nl/Ck+1D)!n-2k-D!'+...+1
=Wl +1)"=2""".
If p < n, n odd, it is the same series truncated after the ¥2(p + 1)th term. W

Consider for n = 3, p odd,
(Yo+71+7)’ =B+ +0)P=[Y+Y1+7—08—0 —&)]
[Z(s=0,p— DI(Yo+71 + ) TS0 + 8 + &) T(p -1 -9)1],
which by the above theorem can be equated to
JoYo+ J171 + Ioya + Jor2Yoniyz + Kodo + K91 + Koy + Ko12000182,
where if p were = 1 then we would have Jy;» = Koo = 0.

We wish to add together the following combination
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a[(Yo+ Y1+ 12)" — (B0 + 81 + &) + ar[(-Yo+ v1 + 1)’ — (8o + 81 + 8)°]
al(Yo— Y1 + 72 — (8o + &1 + )T+ bol(Yo+ Y1 + V2)P — (-89 — &1 — 82)"]
bi[(Yo+ Y1 + 72)" — (80— 81 — 32)°] + ba[(Yo + 11 + V2)P — (=80 + &1 — &2)P].

This linear combination may be equated to
NoJoYo + NiJ1y1 + N2J2¥y2 + Noi12Jor2YoY1y2 +
00K + 01K01 + 0:K28: + 0012K012800162,

where, for example,

JoYo= (-Jo)(-Yo)
Jor2Yov1Y2 = (Jo12) (-Yo) (<Y (-Y2),

giving
No=a—a;+ a2+b0+b1 +b2
N1 =a0+a1—a2+b0+b1 +b2
MN=a+a+ az+b()+b1 +b2
-e(): ao + a; + ag—b()+b1—b2
-91 =a +a+ ag—b()—bl +b2
-Ob=a+aj+a—bp—b;—bs.

We also have the supplementary equations
Moiz=a —aj—a+by+b;+ by
-Bgi2=ap+a;+a,—byg+b; +b,.

A little linear algebra then gives
a;r= (M2 —No)/2,
= M2—-M1)/2

and
ap= (Mo + M1 —M2— 62)/2.
Likewise
by = (62— 60)/2,
by=(0,-61)2
and

b() = (90 + 91 - 92 + T]z)/z

These results, easily extended to many variables, imply

Morz=MNo+ N1 — M2
and

B0p12=060p + 01— 6,.

We can express JoYo, J1Y1, J2y» and Joi2YoYiy2 in terms of (Yo + i + 12)".

Jo=%l(0+Y+7)' - 0+1+1)"+ -1+ + o +v1 -0
Im=%Y+n+)’++n+' - G-+’ + M+ -l
=%+ +)’+Fo+n+'+ M-+ -+ -1l

JoYo e =%l (Yo + 1+ )P - o+ N+ 1) —Yo—-711+ 1) = Yo+ 71 — )1

We now introduce the symbol Xyyw xyz, in Which u is 0 if Yo is positive, and u is 1 if Yo
is negative, and similarly with v for vy, and w for y,. We adopt a similar type of
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convention for X, y, z with respect to 8, 8; and &,. Thus we have the expression for p
odd

(Yo+ 71+ 7" — B0+ S + )P = [0+ 71 + 72 — 8 — &1 — 821X000,000,
with

Xo00.000 = [Z(s =0, p— D[(Yo+ 11 + ¥) Ts][(So + 81 + ) T(p - 1 = 9)]1.

Hence we have the following theorem.
NoJoYo + NiJ1y1 + NaloYa + (Mo + N1 — N2)Jor2YoY1Y2 +
00K + 01Ki01 + 0:K28: + (B0 + 61 — 02)K12800162
=Y [(Mo+ M1 —M2—02)(Yo + V1 + Y2 — 8o — 61 — 82)Xo000.000
+(M2—Mo)-Yo + Y1 + Y2 — 80 — &1 — 82)Xi100,000
+ (M2 =MD —Y1 + Y2 — 8 — 81 — 82)Xo10,000
+(B0+ 01— 02+ M2)(Yo+ Y1 + V2 + 80 + 61 + 82)Xo00.111
+(02-00)(Yo+ Y1 + Y2 — 8 + &1 + 62)Xooo011
+(02-0)(Yo+ 71 + Y2+ 8 — &1 + 82)Xo0o,101]. W

Consider the general case for p odd
Ei=0,n- DR -E3E=0,n-1)§)" = [Z(i=0,n- 1)y - &)]
[Z(s=0,p- DIEG=0,n- DWTI(EG=0,n- DHT(p -1 -9)]],
which by the above theorem can be equated to
Zy,combinations fory Jr e X(Yr e Yx) - Zy,combinations for y I(r eee X (8r e 8x)’
where we have introduced K ...  for the coefficient of (9, ...0y) similar to J; ... , for

- Vo)
Ifp<n,thenfory>p,J;... x=K;... x=0.

We wish now to add together linear combinations of 2n independent equations, each
of a type similar to the above, expressed in the n variables ¥; and the n variables ;.

Define the symbol &(i,j) by
E(ij) = 1 fori= ]
=0 fori=#j.

Then our general linear combination is
Y(s=0,n— DagX(r=0,n- (Y —2&6s,r— Dy - 1))’ = E@r=0,n- 1)3,)"]
+2X(s=0,n-DbyZ(r=0,n-1)y)° - E@r=0,n-1)(-+ 2&(s,r — 1)d,))"].

With y odd, our linear combination equals

Zy,combinations fory nr e er oo X(Yr oo Yx) + Zy,combinations for y er e xKr oo x(ar oo 8x)’
where

I x(yr e Yx) =-I... x[('yr) cee ('Yx)],

Kiooo x(& ... 80 =-Kr .. k[(-8p) ... (-8))].

This gives

MNr=X(s=0,n—1)[as— 2§(r + 1,8)ar+1 + by]
and

-0, =X(s=0,n— 1)[a;— by + 2&(r + 1,8)b; 4 1].

13



Introducing, say, 1(012) for nei2, we also have the supplementary equations
No...1y- ) =X(8=0,n—1[a;— 2X(t =0, y — 1E(r 4 1,8)a+1 + bs]
O(rg... 1y_1) =X(s=0,n— D[as—bs + 2X(t =0, y — 1)&(r+1,8)be + 1],

where we consider the set of variables (r... ry_1) to be any suitable combination for y.

Applying linear algebra, where s goes from O to n — 2, we obtain

As+ 1= (nn— 1— ns)/z’
Qp=((n+2)M,_1 +X(=0,n-2)M,—6,_1)/2.

Likewise
bs+1 = (en—l - e%)/z’
bo=((-n +2)0y_ 1+ X(s =0, n— 2)05+ Nn_1)/2.

These results imply
T](fo cee Iy 1) ="Y[(-n+ 4)nn—1 +(-n+2)0, 1]-
Z(s=0,n- D[E(t=0, y - D&+ 1,8)(Ma-1 — M-
O(...1y_ 1))=Y [(n—-4)0,_ 1+ (-n+2)Mn_1] +
Z(s=0,n~ D[E(t=0, y - D&+ 1,8)(Bn-1 - O)].

Ji ... x(% ... Y can then be computed explicitly.

We now introduce the symbol X(vovy ... Vo — 1, X0X1 ... Xn- 1), in Which v; is 0 if 7y is
positive, and v; is 1 if ¥; is negative, and likewise for x; with respect to §;. Thus we
have the expression
Z(s=0,n- 1))’ - (Z(s=0,n-1)3)" =
[E(s=0,n- 1)y -2(s=0,n-1)3]X(0...0,0...0)
with
X@0...00...0)=
[£(r=0,p—- DIE(s=0,n— W Tr(Es =0, n- H3)T(p— 1 -)ll.

Writing, say, J(012) for Joi2 and Y(0) for Yo, we have the following theorem.
Zy,combinations for y T‘I(I‘O e Iy I)J(rO e Iy 1)(7(1’()) (XX ’Y(ry - 1))
+ Zy,combinations for y e(rO e Iy I)K(rO s Iy 1)(8(1’0) (XX 8(ry - 1))
= Zy,combinations fory 1/2[(-11 + 4)nn— 1+ (-Il + 2)9n_ 1— 22(8 = 0, n-— 1)
[E(t=0, y = D&+ 1,9)Ma—1 = MD]]
[E(s=0,n— D[(1 = 2vy)Ys— 8JX(VoVy ... Va_1,0 ... 0)]
- Zy,combinations fory Y[(n-4)0h-1+ (-n+ 2)T]n_ 1+ 2X(s=0,n-1)
[E(t=0, y— DE&(r+ 1,88 -1 — 8)]]
[Z(s=0,n- D[y + (1 —2x9)8]X(0 ... 0, XX] ... Xp_1)]. ®

If q is even = (2")k, with k odd, then a formula for even q is obtained from the above
formula under the transformation p — k, y, = 112", 8, — 8,T2".

Alternatively, for q even, a complex cyclotomic formula can be utilised, where we set
q = jk = 2"k, with k odd and ox; a primitive 2jth root of unity, obtainable from the
above under the transformation p — j, ys — %Tk, & — (—(x)szS)Tk.

We recall, given u = p or q, the general LCFT formula for Z is then
Z = %{[1 - (-1)"1(formula for u odd) + [1 + (-1)"1(formula for u even)}. &
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3. Prime number, factorisation and divisibility theorems.

Foryord>1 e N, no representations of primes are of the form
Y+,

except for the possibilities p = 1 or p a power of 2, the latter subsumed under p = 2.

Proof. Let p be odd. Then by (**), supposing the above expression is prime
Y™ +8T(p™) = [y+ 8] =0, m 1)
{Z(s=0,p- DIGTP™ " DTSIEH ™ DT - 1-9)]).

Since the prime number and Y + & are positive, so is the subsequent expression in [ ]
which is a summation of integers, and m = 1, otherwise the expression factorises.
Since Y+ 6 > 1, the summation of integers is 1. This implies

Y+ =7+39,
which is clearly only the case for y=8=1or p= 1. Hence if p # 1, it is not odd.

Now if p # 1 is not a power of 2, there exists an odd factor q # 1 so that p = kq and
0T Tq + 3Tk Tq

is prime, which we have proved is not the case. Hence p = 1, or p = 2z is a power of 2,

so all the latter such primes can be written as

212+ @T)T2. m

We note the following standard results, given e.g. in [3].
No prime of the form 4k + 3 is a sum of two squares. R

Any prime of the form 4k + 1 can be represented uniquely (aside from the order of
summands) as a sum of two squares. R

Let p be odd, | #10 # 0 be integers, Y+ 0 # 0 natural numbers,
X=X(s=0,p- DIYIE8"" 7,
Y=2(s=0,p- DY '
and
Z=n(")+6(&) >0.
If the product of (M + 0), (Y + 8) and X has two prime factors in common with the
product (M — 0), (Y- 0) and Y, excluding at most one factor of £2, then Z. is not prime.

Proof. By the LCFT
nN(P) + 8(&) =2[(n + O)(y+ HX + (N - O)(Y- Y.

Hence under these conditions, for the expression to be prime, there are two distinct

factors on the right hand side, one of which must be 2. ®

We cannot modify these conditions by just reducing two prime factors down to one,
because taking p =1, =15,0=-6, y=15 and & = 12, then Z = 3 is prime, but we
construct a proof of this modification under the further constraint 1 #6#0 € N.

We mention related results. When the expression

v+ 8 =Yy + 81+ 8 + (y- )y~
is prime, then Y— 8 does not share any prime factor with Y+ 6. R

Any integer may be represented by 7 (put, say, § = 1. We allow here Z =0). B
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Letn # 0 # 0 and y # & # 0 be natural numbers and p, X, Y and Z be as in the
previous theorem. If the product of (Y — d), (N — 0) and Y has a prime factor in
common with the product (Y + 8), (n + 0) and X, excluding at most one factor of £2
for the pairings of (Y- 0) with (Y + 8) or (1 — 8) with (n + 0), then Z is not prime.

Sketch of proof. If A and B have a prime common factor, we write jA = kB, where the
common factor is (A/k) = (B/j). We allocate j and k as positive where possible.

Let p be odd. Define 2W =Y — X. We will need the following identities.
(Y+O)X=9+&

and
X+ (-HW =7,
X+ (B-7)W=25"

We immediately mention that for pairings of (y— ) with (y+ 9), forp=3,n1=1,6=
2,vy=3and 0 = 1, that Z = 29 is prime, so the exclusion of at most one factor of +2 is
necessary. The same goes for the pairing of (N — 0) with (M +0), forp=1,1=3,0=
I,y=1and d =2, when Z = 5 is prime. But if such pairings occur simultaneously, so
both 1 and 6 are either odd or even, and likewise y and 9, then Z is even # 2.

Let j(y— &) = k(y + d) and choose arbitrarily y> 8. Then
Z =%((y- 9)/k)[M(( + KX + 2kW) + 8((j — k)X — 2kW)].
For Z to factorise in the way specified, we need to ensure the O term cannot be
negative, so that the term in [ ] is not 1 or 2. The 0 term is
0(( — KX — 2KW) = 8{( — W[ £(s = 0, (p— D/2)(G + K/G—R)* '~ >1]
—(+ LI =0, (P3G + /G- 2 28"
This equates to 0(j — k)(8 ~ 1), so for (y— 8)/k > 2, Z is not prime.

If j(y — &) = k(n + 0), then choosing j and k positive, i.e. (Y- 8)/k > 1, we have
Z= (-9 +n(X +2W)],
so Z factorises.

With j(y — 8) = kX under scrutiny, we obtain
Z=(y-9)MG/K)y+ W) + 6((j/k)d — W)].

Suppose the term in [ ] was 1, then we would have (j/k)d < W, so we would deduce
X< (y-O0)W =X5-0",

which is impossible, hence Z is not prime.

If j(m — 6) =k(y + J), then
Z=Mn-0)([/K6X + ],

and Z factorises, because (1 — 0)/k > 1.

If j(n — 6) = k(n + 6), then choosing arbitrarily n > 6,
Z =Y - O)[((/k) + 1)y + ((/k) — 1]

so since j/k > 1 and in this instance we specify (1 — 0)/k > 2, Z again factorises.

For the case j(n — 0) = kX, allocating 1 > 0, the value of Z is

Z=n-0)[GA(Y+ )6 + 7]
Since (1 — 6)/k > 1, Z factorises.
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Suppose jX = kY. Then
Z=YXI((Y+ &) + (Y= 8)(/k)) + O((y+ &) — (= )(j/k))].
We can choose arbitrarily y > 8. To ensure the term in [ ] is not 1 or 2, we need to
evaluate the 0 term. Now
ik =1+ {208y - v"/((vy- (¥ -8},
so the 0 term is the positive value
B((y+ &) — (v— 8)(j/k)) = 268°(y + 8)/(y’ - &°).
If X/k is even, so are Y and 9. For X/k odd, the k[ ] term is even. So Z is not prime.

Now consider j(y + 8) = kY, which gives
Z=(y+d)lMmy+ 63)(/k) - W)].
So combining the facts
My+6%)>y+9d
and
Y-W>Y-2W=X,
we verify that the term in [ ] is positive and > 1, implying that Z factorises.

Lastly, for j(n + 0) = kY, we evaluate that
Z=M+O)YY - W(y+9) + 6(y-8)(/k)]
so that
Z=M+0ONX+ W(y-29)+6(y-8)(/k)],
and choosing arbitrarily y> d gives Z is not prime. W

The same theorem carries over for 1 and 0 integers, with two prime factors instead of
one, because the terms in [ ] can now be =1 or 2. &

No representations of primes are of the form
Y-,
except for the possibilitiesp = 1, or = (Y- 1) and p prime.

Proof. If o.— B = yT(p™) — 8T(p™) is prime, with o, B, v, 5, €, L € N from now on, then
the second FSFT gives m = 1 (otherwise (*) above factorises), and

o—PB=[a? - B Z(s =0, p- DR~ VP
is prime, the derivation of which implies a and [ are powers of p, i.e.

a=v,p=7,
and either
vy-0=1

or
E(s=0,p- DY~ 1=1,
the latter corresponding to p = 1, so we choose the former.

If p is not prime, say p = jq, then because
v= al/p — al/q] — ((Xl/q)T(l/_])
is a natural number, so is o', and similarly for Bl/q. Then the prime o — B can be
represented by the product
(¥#%) o~ BUI{ (s = 0, g — D[P,

Now if a> 1 and x > y, we obtain the inequality
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x-y'=x-y"x-y <xTIx-y <xt -y
Inserting x = o"”®, y = B"? and a = p/q has the consequence
L= [0 =B = [~ B T(plg) < [0~ B].

Thus in (*%%) the first and second terms # 1, and all terms involve sums of natural
numbers — a contradiction. Hence p is prime. B

Under the conditions of the previous theorem, p divides

P& 1.

Proof. By Fermat’s theorem, if p is any prime and y and d are integers, then p divides

(Y -7 and (8 - &), so p divides (Y - -y+ ) =(y¥-8"-1). m
Letp>2beeven, y>321andy—d#1, then
y-®

has at least three factors.

Proof. Consider yTp - STp. This may, for even p, be factorised as
(V=8P T+ P W+ P+ .+ P

Y+ )P - R+ P - T,
Since Y- & # Y + 9, if there are only two factors, which is the minimum if y— 8 # 1,
then Y-8=( P B+ - -

Y+8=(P '+ P B+ 3+ ...+,

so adding these gives successively

Y=y P T L+

or as

and

and

e L
which is impossible. ®

We cannot dispense with the condition y— & # 1, because if y=2,8 =1 and p =4,
then y* — 8 = 15. A more general theorem follows next.

Letp = (2Tk0)H(i =1, n)(qiTki), where the q; are distinct odd primes, and 7> & > 1.
Then ¥ — & has at least X(i = 0, n)k; factors, and at least 1 + X(i = 0, n)k; factors
when Y-8 # 1.

Proof. Let qop = 2. For the first pass through, consider all factors of p = II(i = 0, n)
(qiTki) except for one unexponentiated factor qr. This product is just x, = II(i = 0, n)
I1IG =0, ks — 1, omit r for one i)(q;). Then p = (x,)(q;). By the equation at the end of
section 2.2

P -8 =[(1Tx) - BTx)I[ E(s = 0, g — DIYTx:sI8Tx(qe — 1 = )]

We now have at least two factors. We can then expand out (yTxr) - (STxr) recursively,
using the same formula, yielding at least one extra factor each time.
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We continue iteratively, until we end up with Yy — 8, which can be a proper factor or
the trivial factor 1, which we ignore. We have now X(i = 0, n)k; iterations, giving at
least (i = 0, n)k; factors if y— & = 1 or at least 1 + £(i = 0, n)k; factors otherwise. B

Let p = (2Tko)t, where t = TI(G = 1, n)(qiTki), the q; are distinct odd primes, and
arrange Y> 8> 1. Then YIp + 8Tp has at least 1 + £(i = 1, n)k factors.

Proof. t is odd, and may be represented in a similar manner as before as t = (y;)(qy).
By another formula at the end of section 2.2

e+ =[EeTy) + Wy =0, g — DI eTysIl(-p) Tyi(gr — 1 - 9)]1.

Put € = yT(2Tk0) and U = 8T(2Tk0). The number of factors is obtained by recursion as
previously, where, if prime, the final factor € + i will not add to the result. B

Ifp#1,x = (8Tp) + (€Tp) is prime

and y» = (eTp) - (qu) is prime
then y; — 2 is not prime unless 1 =5 and y, = 3.

Proof.- y1 -2 = (STp) + (qu) is even # 2 or = 2, otherwise y; = 2 or 2 = 2. Now both
p=2"and pis prime,sop=2.1fy; —2=2,then 8= =1,s0(e-1)=1,€=2and y;
=5andy,=3.Ify =2thend=e=1land p=1- uz, which is impossible. So g =2
=(e—w)(e+ W), and if (¢ — w) =1 then 2 = 2u + 1, which is impossible. Hence y; — %2
isnotprimeory;=5and g, =3. &

Ifp#1, x5 = (8Tp) + (eTp) is prime
and 4 = (eTp) + (qu) is prime
then Y3 — Y4 is not prime unless y3 =5 and yu = 2.

Proof. This results from the previous theorem. Alternatively, assume x3 — y4 is prime.
We prove a partial contradiction. Then y3 — x4 = (STp) - (qu), so both p =2"and p is
prime, so p=2 and (8 — i) = 1. Suppose y3 # 2 and 4 # 2, then for y3 — x4 to be prime
it must = 2. Hence 2 = & — (8 — 1)* = 28 — 1, which is impossible. Hence we have
primes g3 =& + 2 #2and yu= (8- 1)’ +e’=2,s0e=1,8=2and 3=2"+1 =
5.m

We note that the binomial expansion of ¥ — & fory=(8+ 1) is
Y(r=1,p)p!/r!(p-r)d° "

That p divides (8 + 1)’ — &” — 1 is easy to prove directly by a binomial expansion, the
expression being

p 4+ p(p- D21 2+ ...+ pd,
so if p is prime the factorial denominators do not divide p. &

We extend the above result. For p prime, p divides
G+’ -0-xF-x-1.

Proof. For two adjacent numbers, p divides
O+1)P-8 -1 and &F-(OB-1)P-1.
Hence p divides their sum. The result follows by induction. B
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Corollary. If p is prime, then p divides
Y-y-x-w

if and only if
x=w (mod p).

Putting y = x, this gives Fermat’s little theorem, y* — y = 0 (mod p), from the binomial
theorem. W

With z = y — X, we find that if y # z (mod p) then
Yr=1,p)ly""z"' =1 (mod p). m

If y* — y is divisible by p, then so is
yn(p—l)+1 —y.

Proof. Since y**! — yP = y*!(y? — y) is divisible by p, the sum (y**' — y?) + (y* — y) is
also, with the general result following by recursion. The proof extends to divisibility
by any natural number m instead of a prime p. W

Examples. Putting p = 3, we have for any odd natural number q
¥~ y=0 (mod 6),

and puttingp=15,s0q=4n+1,0orp="7, giving q=6n+ 1, etc. implies
y?—y=0 (mod 6p). ®

Expressions with Bernoulli numbers B* inside quotation marks will be written as a
sum of terms, each of which is a power of B times some number. The powers of B are
then interpreted as Bernoulli numbers.

Thus Faulhaber’s formula becomes
1"+ 2%+ L+ m"! = [“(m + B)* - B*Vk,

and summing the Fermat little theorem terms
(IP=D+R2P-2)+...+ -y

entails the following expression is divisible by p:
(" + B =B "(p+ D) - tay(y + D). m

If we carry out the derivation for Fermat’s little theorem again, this time explicitly, we
find the general identity for any not necessarily prime q
y'-y=9qE(r=1,q-D{l(q - DYl q-nh]
[44(y + B _ 1)q—r+1 _ Bq—r+1”]/(q -+ 1)} u

A related use of the binomial theorem is, for n> 1 and p prime > n — 2, the expression

Y — (y-p)°+ Z(k = 1, n - 2)(-D}[p!/(k!(p - k) I]p*y"™
=0 (mod an). [ |

Let p be odd > 5. The following expressions are divisible by p, also p — 2, if prime.
S+ 1P =& —1—pd[&7 + [(p - DRISE* + 1) + 1],
G+ 1P —@-1)P—pdp-1+2871-2

and

B+ 1)P-28"+ (- 1)’ - pd[(p - & +2].
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Proof. The first expression is derived from a binomial expansion of (3 + 1), with the
first three and last three terms subtracted. Considering factorial denominators, it is
divisible by p or p — 2 when either of these are prime, or both when both are prime.

The second and third expressions are obtained from the first under the transformation
d — -9, respectively adding or subtracting this result from the first. B

Let n be even and p be odd, with p > 2n + 1. Then the following expressions are
divisible by all primes between (p — n) and p inclusive:
&+ 1P = X(r =0, n){pY[rl(p - )]} &@"* + 1),
S+ 1DP =B -1)P-2{X(r =0, n/2)[pY/[(2r)!(p — 2r)!11*
+2(r=1, 0/2)[p/[(2r — D!(p - 2r + D]+
and
B+ DP+(3- 1P —2{X(r=0, /2)[pY/[(20)!(p — 20)!]]"*
+ (=1, /2)[pY/[(2r - DI(p - 2r + D>}

Proof. By the binomial theorem, the first expression is equal to
S(s=n+1,(p+ D2)pYsip-s)SE > +1).

To determine the summation range, there are p + 1 terms in the expansion of (& + 1)P,
and we are subtracting 2(n + 1) terms, so the number remaining is p — 2n — 1. The
upper range in the summationis (p—2n—1)2+n+1=(p + 1)/2.

To show p > 2n + 1, for there to be no cancellations with primes, the lowest factor
term of the largest p!/(p — s)! is (p — n), and if prime this must be greater than the
concurrent greatest divisor term of p!/(p—s)! by s =n+ 1.

Thus no factorial denominators divide primes in the numerator between (p — n) and p.

Under the transformation 6 — -8, we obtain
(8- 1P = {Z(r = 0, w2)[pY/[2n)p — 20)1118"(1 - &)
+2(r=1, /2)[p/[Q2r— DI(p - 2r + DS (1 - &**+3))
is divisible by all primes between (p — n) and p inclusive.
Hence by adding this expression with the corresponding expression for +d, or by
subtracting it, we obtain the two subsequent divisibility results. B
We investigate analogues of Fermat’s little theorem for primes between (p — n) and p.

Let n be even and p be odd, with p > 2n + 1. Then the following expressions are
divisible by all primes between (p — n) and p inclusive:
OB+1)P-B@-xP—x-1-2=1,n)[pY[r!(p-0)]
([ +BP™ = (8= x— 1+ B /(p—r + 1)]
+[“[B+B)* =@ —x— 1+ B/ + D]},

@+1)P-0B-1P-B@-xP+@+xP-2x-2
—22(r= 1, 0/2){[p!Y/[(2r))(p — 2r)!]]
[“I6+B)*™ =3 -x-1+B)*™'/2r+ 1)]
+ [1/[2r = DY(p - 2r + D!]]
(I8 + B ™ — (§—x— 1+ B ™ "/(p - 2r + 2)1}]
and
@+1DP+B-1)P-0B-x-@+x)’
—22(r= 1, 0/2){[p/[(2r))(p — 2r)!]]
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[“[(8 + B)P* = (§—x— 1+ By™'/(p—2r + 1)]
+ [1/[2r = D) (p - 2r + D]
[“I(8 + B)* = (8 —x — 1 + B)*|"/2r]}].

Proof. We use Faulhaber’s formula, noting

2(5=0,x)0-5)1=2(s=0,0)s1-2(s=0,0—-x—-1)s’. m

Put y = 8 + 1 = x + 1. Then by direct transcription the following expressions are
divisible by all primes between (p — n) and p, for n even, p odd andp >2n + 1:
Y —y-2r=1LnpYrp-nl
Iy +B-D"™ =B = D™ TUp -1+ 1)]
+ My +B-D™ =B - DT/ + DI},

Y- (y-2"+2(y—- 1)’ -2y
—2 [X(r=1, 2){[p/[2rN)(p — 20)!]]
[“[(y+B - D> = (B - 1)"*']/(2r + 1)]
+ [/[Q2r - DYH(p—2r+ 1)!]]
[“[(y + B = DP*™ — (B — )P*™"/(p — 2r + 2)]}]
and
Y+ (y-2PF-2(y- 1P
—2[X(r =1, /2){[pY[2r!)(p — 20)']]
[“[(y + B= DP*™ — (B - D™ "/(p - 2r + 1)]
+ [/[Q2r - DYH(p—2r+ 1)!]]
[“[(y+B- 1= (B-1)"]72r]}]. m

We now consider polynomial forms. If
Xi = y; (mod n) and 1; =s; (mod n)
then

YrilxiTt] = Xsi[yi Tt] (mod n).

If n is prime and
ti = Kin + u;,
then by Fermat’s little theorem

Yrilxi Tti] = Zsi[yi T(Ki + u;)] (mod n). m

For m, p>0,n,q>1 € N, there is an isomorphism between additive k (mod n) and,
for fixed q, multiplicative qu, so for k = p™, by the second FSFT example of section
4 with f = 1, we obtain

qT(p™ =1 (mod (q-1)).
Consequently

aT(X(piTmy) =1 (mod (q - 1),
so for any u; > 0 € N we derive the implication

Y(t=1,u)(piTm) = ui(p; Tmy),

qTCui(piTmy)) = 1 (mod (q - 1)).

By the FAFT, we also obtain the following results for p odd:
qT(p™ =-1 (mod (g + 1))
and _
qT(X(i = 1, j)(piTmy)) = (-1Y (mod (g + 1)),
which indicates a corresponding equation extending to p; even (put pi=1, u; = viTmy)

qTCui(piTmy)) = (1) T(Cuips) (mod (q + 1)). m
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For p odd prime quadratic reciprocity theorems follow from Fermat’s little theorem
by considering y(y* " - D)(y*"? + 1) = y((y)""? = 1) =0 (mod p), so all squares #
0 (mod p) belong to the (y(p D) equivalence class [31].

Both y(p'l)/ =1and y(p D2 =1 (mod p) have (p — 1)/2 root positions. For squares, we
assert (the occupancy theorem, proved next) that these are all occupied by specific

numbers, so there is an isomorphism between complex roots y(p'l)/2 = 1 at one
=1 (mod p) at

extremity and non-empty equivalence classes of y* (mod p) with y®™"

the other. m

We now prove the occupancy theorem, also applicable on adding Yp to all ranges.
Assigning all numbers (mod p), p prime, m” # n’ if and only if m #n and m # (p — n).

Proof. A two way implication holds. We will prove that m® —n° =0 (mod p) leads to a
contradiction, which would mean (m — n)(m + n) = vp for some v.

Putm>nand m,n<(p-1)/2,s0(m+n) <p-1and also (m—n) < (p —1)/2. Butp,
being prime, must be a factor of (m — n), (m + n) or both, and this is impossible.

fp>m#n>@p-1)/2,then2p—-1>(m+n)>pand (p-3)2>(m-n)>1, so
neither (m + n) nor (m — n) is divisible by p

Ifsayn< (p—1)/2 and p > m > (p — 1)/2 then the only possibility is (m + n) = p, since
(m — n)(m + n) = [a number < p][a number > (p — 1)/2]. B

The little theorem is more generally written as yu(y(p D2 _y® '1)/2)(}’(p D2 Py for
which the LCFT implies

u(y”) - y”) = (Y —u)W = (y° —ud)Z(r = 0, (p— 3)/2)[y""'u"*?] = 0 (mod p),
so that W factorises. B

For p odd prime, quadratic reciprocity theorems give a factorisation of the Fermat
expression y""*' _y by considering y(y"*"* - (""" + 1). m

Our alternative formulation of the expression is
yu{[y" V2] = [ PRIy DR P,
so this time the LCFT implies
u(y"™™ -y = (v - u)W
=(y' —u)Z@r =0, (n(p - 1)2) - DIy u""*1 =0 (mod p),
and W again factorises further. W

Note also the variation that for p prime and j > 0
0 (mod p) = [(yTp) - yITIpT(G - DI,
and since intermediate terms in the binomial expansion are = 0 (mod p)
0 (mod p) = [yT(pTi)l + {(» TpT(G - DI}
=y(yTleT) - 11+ DTj).
We derive the result when p is an odd prime that if j is odd
0 (mod p) = y{y™{[®T) - 112} - H{yM (LT - 112} + 1),
and if j is even
-2y (mod p) = the same expression.
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If y # 0 (mod p) in the latter, -2 (mod p) uniquely factorises as either
(-1(2) (mod p)

SO

0, 1,3 or -2 (mod p) = yT{[(pT)) - 11/2}
or as

(1)(-2) (mod p)
SO

0,2, -1or-3 (modp)=yT{[(pTj) - 112}.m

The above technique can be used in the context of solving an nth degree polynomial
equation with Heegner integer coefficients and at least (n — 4) such integer solutions.

We note that y = 0 (mod p) and y = 1 (mod p) are always present, the latter as a square
(mod p). The following theorem is useful in determining some further = 1 (mod p)

interrelationships between various y*'%,

Let 0 < y < p, with p odd (for example p prime) and m € N, then
yPP2 = (DT (mp — y)™P” (mod p).

Proof. Firstly, consider (p — 1)/2 even. Then a binomial expansion of the right hand

side, leaving out terms in mp to a power, which are = 0 (mod p), indicates that y(p D72

= (-y)™"” (mod p).
If (p — 1)/2 is odd, then the binomial expansion gives y*"* = -(-y)®"? (mod p). m

Our theorem has the following consequences.

Taking the typical example for the p = 11 table below, y5 repeats mod 11 in three
regions, A, B and C, the above equation representing symmetries in regions B and C.

Table:p =11, (p—1)2 =5.

y = (mod p) y y° (mod 11) region

0 0 0 A

1 1 1 B

2 32 -1

3 243 1 O<n<(p-172
4 1024 1

5 3125 1

6 7776 1 C

7 16807 -1

8 32768 -1 (p-DR2<n<p
9 59049 1

10 100000 -1

11=0 (mod 11) repeats

For (p—1)/2 0odd, if 0 < n < (p — 1)/2, i.e. region B, then there are k terms = 1 (mod p)
and (p —1)/2 — k terms = -1 (mod p), so there must be in the (p — 1)/2 < n < p region C,
k terms = -1 (mod p) and (p — 1)/2 — k terms = +1 (mod p), giving the complete set of
(p — 1)/2 root positions for both 1 (mod p) and -1 (mod p).

24




Table:p =17, (p—1)/2 = 8.

y = (mod p) y8 y8 (mod 17) region

0 0 0 A

1 1 1 B

2 256 1

3 6561 -1 O<n<(p-D/2
4 65536 1

5 390625 -1

6 1679616 -1

7 5764801 -1

8 16777216 1

9 43046721 1 C

10 100000000 -1

11 214358881 -1 p-DR2<n<p
12 429981696 -1

13 815730721 1

14 1475789056 -1

15 2562890625 1

16 4294967296 1

17=0 (mod 17) repeats

If (p — 1)/2 is even, with the k terms = 1 (mod p) for region B below, there are k terms
= 1 (mod p) in region C, opposite in sign to the odd case. Thus there are 2k slots for
2k = (p — 1)/2 quadratic residues of 1 to 4k” in the combined B and C region, and
these slots in B (and C) are completely occupied. So k = (p — 1)/4 in the B region, and

similarly the residues = -1 (mod p) occupy k slots in this region, likewise in region C.
|

Note the generalised Fermat little theorem with q = (p — 1)/2 prime gives a formula

for y*? (mod p).

We now prove the occupancy theorem.
Ifm#n < (p — 1)/2, with p prime, then m* # n* (mod p).

Proof. We will prove that m? — n? = 0 (mod p) leads to a contradiction, which would
mean (m — n)(m + n) = kp for some k.

Saym>n,thenn< (p—-1)/2,som+n<p-1<pand likewise (m-n) <p - 1. But
p, being prime, must be a factor of (m — n), (m + n) or both, and this is impossible. B

Since 1 is a square, it follows from the above considerations that when (p — 1)/2 is
even, (-1)"V2 =1 (mod p), and when (p — 1)/2 is odd, (-1)*"* = -1 (mod p). ®

We have dealt with recurrence relations between numbers of the form y®"

Another useful relation to determine the value of y(p'l)/ ? (mod p)is
(v)®"? (mod p) = [u™"? (mod p)I[v*"* (mod p)]. =

(mod p).

A basic question is then: when is a prime a square (mod p)?

If we look at the table for squares, say in the (mod 7) example that follows, there are p
squares from 0 to p2 —1 (mod pz), being 0% 1% ... (p- 1)7°.
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Table: p =7, squares (underlined) to p2 =49. Region E columns = region F columns.

region D 0
region E

10111213
region F 14151617 18 19 20
21222324 252627
282930313233 34
3536 37 38 39 40 41
42 43 44 45 46 47 48

next p* 49

Since, by the binomial theorem for squares,
(p+m)’=n’ (mod p),
these p squares fill, in p iterations (mod p), all the squares that are possible (mod pz).

Likewise, since

(p—n)’=n" (mod p),
those squares which are non-zero (mod p?), repeat in just two non-overlapping sets
(mod pz), regions E and F.

Although the non-constructive ‘pigeon hole principle’ can act as a barrier to
understanding, we now apply this principle here.

We have previously proved that there are (p — 1)/2 non-zero squares (mod p). The first
overlapping set # 0, in region E, being the first (p — 1)/2 squares (mod p?), maps to
precisely (p — 1)/2 separate squares (mod p), because otherwise there would be less
than (p — 1)/2 of them. We are using here full occupancy of the square slots. B

A ‘crossing out’ method can be used, analogous to the ‘sieve of Eratosthenes’ for
primes, for determining whether a number is or is not a square (mod p). Set up a grid
of width p and depth > (p — 1)*4p and < [(p — 1)*/4p] + 1 with the first column
labelled 0. Determine the column for a number n given by n (mod p). Put an X in
column 0, an X in column 1 with no space between columns 0 and 1, an X in column
4 with two spaces between columns 1 and 4, and so on, increasing the number of
spaces by two each time and continuing into other rows if necessary. If the column
corresponding to n is reached, it is a square (mod p), otherwise it is not. ®

Quadratic reciprocity is often introduced through binary quadratic forms, discussed in
a later work, where we will prove the following ‘supplementary’ law:
272 =1 (mod p) if p = 1 (mod 8),
20D = 1 (mod p) if p = +3 (mod 8)
and quadratic reciprocity itself, which states, for p and q distinct odd primes [10]
[P (mod )][g®™"* (mod p)] = (-D)"PD",

If we recast this as

[P (mod )] = [(-17q)™"" (mod p)],
the theorem is seen to be equivalent to the form in which Gauss put it

26



Let p and q be distinct odd primes. If =1 (mod 4), i.e. (q— 1)/2 is even, then p is a
square (mod q) if and only if q is a square (mod p). If ¢ = 3 (mod 4), i.e. (q— 1)/2 is
odd, then p is a square (mod q) if and only if -q is a square (mod p). W

We note in the table below that if a prime p (mod 12) =1 or -1 (mod p) then 32 =
(mod p), and if p (mod 12) =5 or -5 (mod p) then 3PD2 = 1 (mod p)-

Table: p prime,q = 3.

3PD2 = 41 (mod p) p (mod 12)
9 =-1 (mod 5) 5
27 =-1 (mod 7) -5
243 =1 (mod 11) -1
729 =1 (mod 13) 1
6561 = -1 (mod 17) 5
19683 = -1 (mod 19) -5
177147 = 1 (mod 23) -1
4782969 =-1 (mod 29) | 5
14348907 = -1 (mod 31) | -5

This is part of a more general result, supplementary to quadratic reciprocity, relating a
prime p (mod 4q) to g*"* (mod p).

We can evaluate all (p — 1)/2 non-zero squares (mod p) by the method already given.

Quadratic reciprocity then gives, for a given prime q < p that is such a square, there is
a bijection between q®"* (mod p) and +p " (mod q), the latter of which depends
on (mod q), and for which a square or non-square p depends on q (mod 4).

Thus, q = 0 maps to p = 0 (mod 4q). If the (mod 4q) region does not contain 0, non-
zero squares determined by q®" = 1 (mod p) are equivalent to half of the 4q values
of p # 0 (mod 4q), and non-squares map to the remaining 2q values (mod 4q). &

For p prime, if y = 1 (mod p), then for any s € N, since y'*" =1 (mod p), there
exists ant = 1/s (mod p) such that

yP" =1 (mod p).
If y is prime, r must divide (p — 1), so likewise if y is composite. R

For 0 < n<p, (for example with p prime), m € N and r a divisor of (p — 1), then
= (P mp - y) P (mod p).

Proof. The result parallels the argument of the previous theorem where we had r = 2,
by using (p — 1)/r instead of (p—1)/2. MW

We now ask: when is a number an rth power (mod p), with r a divisor of (p — 1)?
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Table: p =7 and r = 3, cubes (underlined) to p’ = 343.

region I 0

1 2 3 4 5 6
region J 7 8 9 10 11 12 13
14 15 16 17 18 19 20

21 22 23 24 25 26 27

region K 63 64 65 66 67 68 69
119 120 121 122 123 124 125

210211212213 214 215 216
next p’ 343

There are p rth powers from 0 to p — 1 (mod pTr), being 0", 1", ... (p—1)".

Once again, by the binomial theorem,

(p+n)=n" (mod p),
these p rth powers fill, in r iterations (mod p), all the rth powers that are possible
(mod pTr).

For r even, where effectively we are dealing with a certain type of square,

(p—n)'=n" (mod p),
so those rth powers which are non-zero (mod pTr) repeat in just two non-overlapping
sets (mod pTr), regions J and K. But for r odd

(p—n)'=-n" (mod p),
yields no new information this way, although we are able to assert that for (p — 1)/r =
2 as above, the (y""”? % 1) (mod p) equivalence classes for squares and non-squares
are equivalently partitioned as (y*""*" + 1) (mod p). Thus in this case y" belongs to
the ((y)®""* + 1) (mod p) equivalence classes, i.e. y' = 1 (mod p). For (p — D)/r =k,
the y" belong to the (y)* = 1 (mod p) equivalence classes. B

Masser’s ABC conjecture states that if y(n) is the largest squarefree divisor of n, then
for each fixed € > O there are at most finitely many coprime positive integer triples a,
b, ¢ with

a+b=c, yabc)<c™

A special case that has been proved is the Fermat-Catalan conjecture, which asserts

that if X, y and z are coprime and 1/p + 1/q + 1/r < 2 then there are finitely many
xP+yl=17"

The absence of solutions for x, y, z coprime when p, q, r > 2 is conjectured. W

We make some minor remarks about Fermat’s Last Theorem.

If x* + y* = 2° where x, y, z and n < p are positive € N, then
pn  png ph
XP" 4 yP > 2P,

Proof. 2> x, s0 2" > X" and z"x"" > xP, with similar statements for y instead of x. Thus

A G/ A L |
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Corollary. If X* + y° = Z°, then x + y — z is positive. B

Let p and q be prime, with q < p and
X +y =27
as before. Then
Xp—q+1 + yp—q+1 _ Zp—q+1 — 6q]—[q
(or =qllg for q =2 and = 2qll, for q = 3) for some natural number 11.

Proof. By Fermat’s little theorem, write x? — x = 6qIll, y? — y = 6qllly and z? — z =
6ql1I, (where instead, for q = 2, x — x = gqlll, etc. and for q = 3, x? — x = 2qlllj, etc.).
Here 111, 111, and 111, are given by the ‘explicit’ Bernoulli formulae. Then
0 = x"Y(6qllLx + x) + y*Y6qLLL + y) — z"46qLLL, + z)
=-6qLl, + (xP9 4 yp'qul S

Corollary. The conditions of the above converse to Fermat’s Last Theorem imply
Xyl 2 =01,
X2 4 P2 - 2 = 6L,

X +y -z =6pl, m

The following formula was used by Euler in proving Fermat’s last theorem for n = 3:
(na2 + bz)(t2 + nuz) = n(at + bu)2 + (nau — bt)z.

The formula used in the proof of Lagrange’s theorem that every natural number may
be represented by a sum of four squares is related to quaternionic multiplication where
eT(iG + jp + ko) = (cosB + isinB)(cosp + jsinp)(cosc + ksino).

We can take the point of view that the exponential addition is non-abelian and the
theorem can be extended to a formula similar to Euler’s above:
(na’ + b* + ¢* + d)(t* + nu*+ nv? + nw?) =
n(at + bu + cv+ dw)2 + (nau — bt + ncw — ndv)2
+ (nav — ct + ndu — nbw)’ + (naw — dt + nbv — ncu)>. |

4. Differences and sums of powers.

Standard results in [3] for the case p = 2 are: Except for positive integers of the form
4k + 2, every positive integer can be represented as the difference of two squares.

Also: Every odd prime is uniquely the difference of two squares.
Putting p = 2 in the general binomial expansion, we infer these primes are in one of
the forms:
4k +1 =2k + 1)* = (2k)°
or

4k+3 =(k+2*-2k+ 1) m

Prime differences of odd prime p powers are unique for given p and of the form
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Prime difference, p odd prime Form
(dr+1)° - @r?° 4s + 1
(Ar+2)° - (dr+1)° 4s +3
(dr+3)° = (4r+2) 4s+3
(4r +4)° — (4r + 3)° 4s + 1
(4r+1+u)’—@r+u)’ 4s+u(3—-u)+1

Proof. 2t + 1)P — (2t)? is of the form (terms divisible by 4) + 2pt + 1.

We define two equivalence classes having remainders of 1 or 3 under division of the
above by 4. For t even = 2r, this maps to the equivalence class given by 4s + 1. For t
odd =2r + 1, it is of the form 4s + 3.

(2t + 2)° — (2t + 1) is of the form (terms divisible by 4) + 2pt + 3. For t even = 2r, this
is of the form 4s + 3, and for t odd = 2r + 1, its partition is 4s + 1.

The expression for the form 4s + u(3 — u) + 1 is adjusted to give the table entries

above it for u = 0, 1, 2 and 3. Since the substitution u — 4n + u for the prime
expression leaves the form in the same equivalence class, the formula extends to
arbitraryu e N. &

Let p be an odd prime. Differences of prime powers (these are non-prime differences
if x #0) are of the form

Difference, p odd Form
(4r+ 1)’ — (4r-x)P 4s — [(x + 1)(X* + 5x = 3)/3]
Ar+2f -@r+1-x)° 4s — [(x + D(X* +2x = 9)/3]
(4r+3)P—(4r+2-x)’ 4s — [(x + (x> = x = 9)/3]
(Ar+4)P° - (4r+3-x)’ 4s — [(x + D(x* — 4x — 3)/3]
Gr+l1+u)f-@r+u-x)’ |4s+(x+1D[B-u)(u-(x/2))
+ (ux/2) — (x/3)(x + V2) + 1]

Proof. By the first table, chaining together (adding) the adjacent sums
[(Ar+1+u)f—@r+u)’l+[@r+u’—@r+u-1)"
results, by additive epimorphism, in a form equal to the sum of the adjacent forms.

Adding together x adjacent sums gives a number (4r + 1 + u)” — (4r + u - x)".

The form expression

4s+ (x+ D[B —u)(u— (x/2)) + (ux/2) — (x/3)(x + ¥2) + 1]
results from its composition with adjacent sums as

4s+ X+ 1DHu@B-u)-1+2+...+x)B-20)-(1.1+22+ ...+ xx)+ (x+ 1),
where (1 +2 + ... + X) is the arithmetic sum x(x + 1)/2 and

P4+2%4 L+ X =x[X2 +GBR2)x + %)/3 =x(x + 1)(x + ¥)/3.

Once again, the substitution u — 4n + u in the expression for the number leaves it in
the same form equivalence class. B

The formulae in the above two tables are unchanged when p is an odd number > 1
rather than a prime, though for non-prime p none of the differences of powers is prime.
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The adjacent differences below for even p > 0 powers are of the form

Difference, p even Form
(4r+ 1)° = (4r)P 4s +1
(4r+2)P—@r+ 1)° 4s +3
(4r + 3)° — (4r + 2)P ds+1
(4r+4)° — (4r + 3)° 4s +3
Ar+1+uw’—@r+uw)’ | 4s+ Qu/A3)2u-5)u-2)+1

Proof. Differences (2t + 1)° — (2t)", where p is even, are of the form
(terms divisible by 4) + 2pt+ 1 =4s + 1,

whereas differences (2t + 2)° — (2t + 1)” for even p, are of the form
(terms divisible by 4) + 2° — 1 =4s + 3.

The expression for the form 4s + (2u/3)(2u — 5)(u — 2) + 1 is adjusted to give the table

entries above it foru =0, 1, 2 and 3. Once again, since the substitution u — 4n + u for
the difference expression leaves the form in the same equivalence class, the formula

extends to arbitraryu € N. ®

Let p > 0 be even. Differences of even powers are of the form

Difference, p even Form
(4r+ 1)P — (4r—x)P 4s — [(x + D)X + 7x" + 13x = 3)/3]
(4r+2)P —(dr+1-x)P 4s — [(x + DX +3x* = x = 9)/3]
(4r+3)P - (4r+2-x)° 4s — [(x + D(x® - x* = 3x - 3)/3]
(4r+4)P — (4r+ 3 —x)P 4s — [(x + DX = 5x2 + Tx = 9)/3]

@r+1+u)f-@r+u-x)" |4s+[(x+ 1)/3][2u-5)(u-2)2u~-x)
—(4u-9ux + (2u-3)x2x + 1)
—xX’(x+ 1) +3]

Proof. The proof is similar to that for odd p.

The form expression
4s + [(x+ 1)/3][Qu—-5)u—-2)2u—-x) —(du+ 1ux + (6u + 1)(x(2x +1)/3)
—x*(x+ 1)+ 3]
results from chaining together (x + 1) forms beginning with
4s + 2u/3)2u—-5)u-2)+ 1
and ending with
4s+ 2u-x)/3)2u-5-2x)(u-2-x)+ 1.

We use the further relation
P+22+ .+ =x*(x+1)/4
to obtain the final result. W

We now look at (4r + 1 +u)? + (4r + u)?, which is of the form
45+ (1 +u)’ +uP.

For p even, irrespective of whether u is even or odd, this is of the form
4s+(1+2v)’=4s+1. m
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Let p > 0 be even. Sums of p powers are of the form

Sum, p even Form
(4r+ 1)° + 4r—x)P 4s + 1 + [x(X° + 8x” + 20x + 10)/3]
Ar+ 2P+ (@dr+1-x)P 4s + 1 + [x(x* + 4x* + 2x — 10)/3]
(4r+3)P+ (4r+2 — x)P 4s + 1 + [x(x> = 4x — 6)/3]
(4r+ 4P + (4r+3 —x)° 4s + 1 + [x(xX> — 4x> + 2x — 2)/3]

@r+1+u)f+@r+u-x) |4s+1-[x3][Qu-7)u-3)Ru-x-1)
— (du-13)u-1)x-1)
+Qu-5)x- DH2x—1)
—(x-1)’x +3]

Proof.
Ur+l1+uw)f+@r+u-x)P=
[@r+1+u)’+ @r+u)’]-[@r+u)’-@r+u-xP].
In consequence, the theorem is obtainable from the result for p even in the previous
table, under the substitution for that table of u - (u—-1)and x - (x—-1). &

Adjacent sums of odd p > 1 powers are of the form

Sum, p odd Form
(4r+ 1P + (4r)° 4s + 1
Ar+2)"+ (dr+ 1) 4s + 1
(4r + 3P+ (dr+ 2)° 4s + 3
(Ar+ 4P+ (@r+3)° 4s+3
Ur+1+u)P+@r+u)l | 4s— W3)Qu-Tu—-1)+1

Proof. For p odd =2q + 1 > 1 the aforementioned equivalence class for
(4r + 1+ uw)® + (4r + v,

being 4s + (1 + u)’ + u”, if u = 2v + 1 is odd, is of the form
4s+ (2q+ 1)2v+1=4s+2v+ 1.

If v is even, it is of the form 4s + 1, and if v is odd it is of the form 4s + 3.

If u is even = 2w with w even, the form is 4s + 1, and if w is odd, the form is 4s + 3.

As before, the expression for the form 4s — (u/3)(2u — 7)(u — 1) + 1 fits the table
entries above it foru=0,1,2and 3. &

Letp > 1 be odd. Sums of p powers are of the form

Sum, p odd Form
(4r+ 1P+ (4r—x)? 4s + 1+ (x/3)[(X* + 6x +2)]
4r+2°+@r+1-x)’ 4s + 1+ (x/3)[(x* +3x = 7)]
4r+3°+@r+2-x)’ 4s + 3 +(x/3)[(x2— 10)]
Ar+ 4P + (4r+3—x) 4s + 3 + ()%= 3x - 7)]

Gr+1+u)f+@r+u—-x) [4s—@W3)QRu-T)u-1)+1
- [x2][4 —uw)Ru-x-1)
+U-DE-1)-[(x-1D2x-1)/3]+2]
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Proof. This results from chaining
[@r+1+u)P’+ @r+u)’]-[@r+u)’-@r+u-x)P]
from previous formulae. W

The tables we have presented are periodic in the variable x, in the sense that x and the
variable x + k are in the same equivalence class for some k.

Letk € N. For p > 0 even, sums and differences are periodic with x = x + 2k. Forp >
1 odd, sums and differences are periodic with x = x + 4k.

Proof. The periodicity follows directly from the tables of adjacent sums and
differences, the n in x = x + nk for differences being the smallest number which brings
the form back to 4s + 4 in (n — 1) successive adjacent additions of entries in the tables.
For sums, we are adding together two tables, the periodicity being due to the
subtracted differences. B

We will see next that by puttingn =1 and 8 =0, or =0 and 0 = 1, allows us to
express (4r + 1 +u)? and (4r +u — x)" directly.

Let p be odd and M and © complex numbers. Then there exist s, t such that
Nér+1+uw)’+6@dr+u-x)’=
N2t +s)— (1/3)[u’ = 3u” —u - 3]]
+0[2(t—s) + (1/3)[x’ = 3(u = 2)x* + (3u® = 12u + 2)x
—uP+6u’- 8u]].

Proof. Add linear combinations of the odd p sum and difference tables for general x. &

Let p be even and n and O complex numbers. Then there exist s, t such that
Nér+1+uw)’+0@dr+u-x)P=
N2t + s) + (1/3)[2u” — 9u* + 10u + 3]]
+0[2(t—s) + (1/3)[x* = (4u — 8)x> + (6u” — 24u + 20)x>
— (4u” = 24u* + 40u - 10)x — (2u® - 9u? + 10u)]].

Proof. Add linear combinations of even p sum and difference tables for general x. B

If we consider (4r + v) + (4r + v)?' and (4r + v)° — (4r + v)*' for both p even and p
odd (p > 1 and r > 0), we obtain the following table.

P Formula v Form
odd | (4r+ V)P + (4r + v)*! 0 4s

1 4s + 2

2 4s

3 4s

v 4s + v(v—-3)(v-2)

(4r + V)P — (41 + V)" 0 4s

1 4s

2 4s

3 4s +2

v 4s + (V/3))(v-2)(v-1)
even | (4r+ v)P + (4r + v)P' 0 4s

1 4s + 2

2 4s + 2
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3 4s
\% 4s —v(v—13)
(4r + V)P — (41 + V)" 0 4s
1 4s
2 4s + 2
3 4s +2
v 4s — (v/3)2v-T)(v-1)

Suppose, as an example, we wanted to obtain, mod 4, the value of
(4r + V)P + (dr + v)™?

for p odd and y even. The mod 4 form consists of one term for p odd:
[(4r + V)P + (4r + V)"],

with (y/2) terms considered for (p — 1) even (the example uses y = 4):
— [(@Ar + V)" = (dr + V)PP = [(dr + V)P = (dr + v)"]]

and (y — 2)/2 terms, considered for (p — 2) odd:
— [(4r + V)P = (4r + V)P

By this and similar techniques we obtain

P Formula y Form

odd | (4r+v)’+ @r+v)’Y {odd |4s+[v(v-3)2][y(v—-1)+ (v-3)]

even | 4s+[2v/3]2v—-5)(v—-2) + [yv/6](v-5)(v-1)

Ar+v)’ —@r+v)* |odd | 4s—[v(v—D/6][y(v-5)-3(v-3)]

even | 4s+[yv/2](v-3)(v-1)

even | (4r+v)’ + (dr+v)?¥ [odd | 4s+[v(v—=3)2][-y(v—1)—(v—-3)]

even | 4s— [2v/3](v’ = 3v- 1)+ [yv/6](v—-5)(v-1)

Ar+v)P—@r+v)? |odd |4s—[v(v—D/6][y(v->5)+3(v-23)]

even | 4s—[yv2)(v-3)(v-1)

To check, we may have to use
V3)(v-5wv-1)=v(v-3)(v-1) (mod 4),
since there may be more than one way to obtain these formulae. B

Of special note is that, by subtracting terms like (4r + v)’ — (4r + V)P, for p even we
can now obtain terms elliptic in u and x from the previously derived sums and
differences of powers for p odd.

Formula, p even, r > 0 Form
(4r+ 1+u)P—@r+u—x)P |[4s—(2x/3)-3x"— (4x/3) + 1
+2u(—u+2+x2+3x—ux)
(Ar+1+u)P+@r+u—x)" |[4s +(2x/3)+3x> + (4x/3) + 1
+2u(-x +u-—23)

Using a typical formula such as
Ur+1+wf!?’—@lr+u-x=@dr+1+u)f-@dr+u-x)°
—[@r+1+uf—-@r+1+uw
and putting v = (1 + u) or v = (u — x), the sum and difference tables of section 5 for p
odd, and the above table for p even, then give formulae (mod 4) for arbitrary sums
and differences of powers. Thus for both p even and p odd we obtain the following
elliptic curves in u and X, linear in y, reduced mod 4.
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Formula

Form

odd

dr+1+u)f+
(4r +u—-x)*?

odd

4s— (W/3)Ru-T)u-1)+1-
&2))[E-)Ru-x-DH+@u-1H)x-1)-
[(x-1D2x-D/A3]+2]+
[(W=—x)u-—x-D/6]y(u-x-5)—3@Uu-x-3)]

ceven

4s— /3)2u-7Nu-1)+1-

)G -)Ru-x-DH+@u-1H)x-1)-
[(x-1)2x-1/3]+2]-

[y(u —x)/2]J(u —x —3)(u—x—1)]

Ar+1+uw)P+
(4r+u-x)°

odd

4s—W/3)Qu-7)u-1)+1-
x2)Ed-u)Ru-x-1)+@u-Dx-1)-
[(x-D2x-1/3]+ 2]+

[(uw+ DHu/6][y(u—4)—3(u-2)]

ceven

4s— /3)2u-7Nu-1)+1-
x2)E4-u)Ru-x-1)+@u-Dx-1)-
[((x—1)2x—1)/3]+ 2] - [y(u + 1)/2](u —2)u

dr+1+u)P-
(4r+u-x)>?

odd

4s+ (x+ D[B -w)(u- (x/2)) + (ux/2) -
xB)(x+V)+ 1] -
[(W=—x)u—x-D/6]y(u-x-5)-3@Uu-x-3)]

cven

4s+ (x+ D[B -w)(u - (x/2)) + (ux/2) -
B+ + 1]+
[yu =x)/2]Ju-x —=3)(u-x-1)]

Gr+1+uwP” -
(4r+u-x)°

odd

4s+ (x+ D[B -w)(u- (x/2)) + (ux/2) -
B+ + 1]+
[(w+ Du/6][y(u—4)—3(@u-2)]

cven

4s+ (x+ D[B -w)(u- (x/2)) + (ux/2) -
x3)x+Y) + 1] - [y(u+ 1)/2](u —2)u

even
r>0

4r+1+u)P+
(4r+u—-x)"?

odd

4s + (2x/3) + 3% + (4x/3) + 1 +
2u(—u+2+x2+3x —ux) +
[(W=—x)u—x-D/6]yu-x-5)-3@Uu-x-3)]

cven

4s + (2x°/3) + 3% + (4x/3) + 1 +
2u(—u+2+x2+3x —ux) +
[yu =x)2]J(u—x —3)(u-x-1)]

Gr+1+uw”+
(4r+u-x)°

odd

4s + (2x°13) + 3" + Ax/3) + 1 +
2u(-u+2+ x>+ 3X —ux) +
[(w+ Du/6][y(u—4)+ 3 -2)]

even

4s+ (2x°13) + 3" + (4x/3) + 1 +
2u(-u+ 2+ X2+ 3x — ux) + [y(u + 1)/2](u —2)u

4r+1+u)P-
(4r +u—-x)*?

odd

4s — (2x/3) = 3x" — (4x/3) + | +
2u(—u+2+x2+3x —ux) +
[W—x)u—x-1D/6][y(u—-x—-5)+ 31 —x-3)]

even

4s — (2x°13) = 3x* — (4x/3) + 1 +
2u(-u+2+ x>+ 3X —ux) — [y(u + 1)/2](u—2)u

dr+1+uwP” -
(4r+u-x)°

odd

4s — (2x°13) = 3x° — (4x/3) + 1 +
2u(-u+2+ x>+ 3X —ux) +
[(uw+ DHu/6][y(u—4)+ 3u-2)]

ceven

4s — (2x°13) = 3x" — (4x/3) + 1 +
2u(-u+ 2+ x>+ 3X — ux) + [y(u + 1)/2](u —2)u
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The corresponding formulae for e.g.
Nér+1+uw)?’+6(4r+u - x)»”
can be obtained from the above sums and differences.

The above formulae have a finite number of integer solutions mod 4, arising from the
periodicity in u, x and y — a maximum of 2® = 256 possibilities, given that p has two
sets of solutions, for even and odd, and the first exponent is or is not less than the
second. Explicit calculations reduce this — less than the number of solutions derived in
elliptic curve theory from a direct application of Siegel’s theorem [26], [27]. The
theorem of Mazur puts limits on the torsion subgroup, giving crudely less than 240
possibilities [20], [21]. m

Rather than use reduction mod 4, we can proceed as follows.
(q+ V) —(@+ VW' =gs+ v (v-1),

thus by ‘chaining’
@+ V)P —(@+ VW' =gs+ v - 1). m

Exercise. René Schoof [25] poses the problem — for exponents = 2, when are
differences of powers of the form 2 (mod 4)? We ask, does 2 only = 3°—5%in powers?

We will write such differences in the form (A + B) where
A=ml-n’

and
B=n"—n"?,

or of the form (C + A), where
C=m" -—m".

Since B and C are always even, so is A.

We first investigate the cases for A — where A is even.

A factorises as
(m-n)(m" +m"n+ ... +0").
Because A is not odd, so n # m — 1, the factorisation exists.

If m and n are even, then A =0 (mod 4).

Otherwise, m and n are odd.
If p is even, then

A = (m — n)(an even number of terms, each of which is odd)

=0 (mod 4).

If p is odd, if both m and n are of the form 4r + 1, or both are of the form 4r + 3, then
m —n =4r, so

A =0 (mod 4).
If p is odd, if m is of the form 4r + 1 and n is of the form 4r + 3, or vice-versa, then
since we are dealing with

A = (m — n)(an odd number of terms, each of which is odd),
then

A =2 (mod 4).

This exhausts all the cases for the structure of A = mP — n’, for A even.
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We investigate
B=n"-n"".
Write
n=4r+]j.
Then
B=r+j)((4r+j7>-1).

If n=4r+1, then
B=@r+1)@dr+1-1)=4r=0 (mod 4),
so for n = 4r + 1 there is only one case, irrespective of whether y is even or odd.

If n=4r+ 3, and y is even, then
(4r+3)’ =1 (mod 4), so B=4r=0 (mod 4).
If n=4r+ 3, and y is odd, then
B=@r+3)"7(@r+2)=4r+2=2 (mod 4).

Ifniseven,if n=4rthenB=0 (mod 4). f n=4r+ 2, if p—y=1 then
B =(4r+2)(4r +3)=2 (mod 4),

and if p—y=1, yis even and p is odd for n = 4r + 2, then
B=(@r+2)4r+1)=2 (mod 4),

otherwise if p— y # 1, then
B =0 (mod 4).

We note that if n is negative, then if the case n positive is of the form 4r + 1, then -n is
of the form 4r + 3, likewise n = 4r + 3 implies -n = 4r + 1. This is a salient feature of
our calculations, since if p — y is even, we may need to include the case (-n)*> = n"”.

This exhausts all the cases covering B.

We now work out explicitly configurations for C, which is negative for y > 0. The
argument parallels that for B exactly. We write

m=4r+Kk,
so that

C=Ur+b1 - @r+k)).

Allocating m = 4r + 1 gives
C=Ur+1)(1-4r-1)=-4r=0 (mod 4),
whereas if m = 4r + 3, first considering y even,
(4r +3) =1 (mod 4),
so in this case
C=Ur+1)(1-4r-1)or (4r+3)(1 —4r—1)=0 (mod 4),
and for the y odd case
C=Ur+1)(1-4r-3)or (4r+3)(1 —4r-3)=2 (mod 4).

The case for m even is likewise similar, which gives C=0 (mod 4) if p—y # 1.

The comment for B on (-n)*”¥ solutions also holds for C with (-m)"” solutions. This is
apposite, since a reversal of sign for m in both A and C results in a cancellation of
both (-m)” terms in (C + A).

If (A+B)or (C+ A)=2 (mod 4), then for (A + B), A=0 (mod 4) and B =2 (mod 4),
or vice-versa, and similarly for (C + A).
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For (A + B), if A =0 (mod 4), then m and n are even, so n = 4r + 2, y is odd and p is
even or y is even and p is odd, and p — y = 1, which breaks the stipulation of the
problem that p — y # 1, so there are no such cases.

If A =2 (mod 4), then p is odd, m is of the form 4r + 1, n is like 4r + 3 or vice-versa,
and B =0 (mod 4), so if n = 4r + 1 this satisfies, but if n = 4r + 3, then y is even.

Thus, if we consider A with B = 0 (mod 4), then the lowest such positive numbers A
are for p odd > 1, with m =4r + 1 and n = 4r + 3 or vice-versa,
33 -17=26,5-3°=98,7° -5 =218,3" - 1° =242, 7° - 1’ = 342, etc.

For the same A = 2 (mod 4) with Iml > Inl, where Iml is the positive magnitude \ (m2),
we generate additional (A + B) entries for n = 4r + 1 with freedom for y (which can
also be negative), i.e. the additional terms for low powers

7= (-3)*=262,7° - 5° =318, 7" - (-3)" = 334
and if Im| < Inl we obtain, for low values of m and n, the (A + B) terms

3 -5=2,3-(3=18,3" -5 =118,3’ - 57 =218, 3° - (-3)* = 234, etc.
For n = 4r + 3 and Iml > Inl, we have the extra lowest term 5% — 3% =3098.

We now realise that all terms with the (A + B) structure: positive m > positive n and
y = 0 are = 26, the lower powers and values of m and n generating the lowest (A + B).

If A=0 (mod 4) for (A+ C), then m =4r + 2. Inthe case C=2 (mod 4), p—y =1
again — which does not satisfy the problem criteria.

Accordingly, A =2 (mod 4) and C = 0 (mod 4). For Iml > Inl and b=4r + 1, y is even,
so we can consider a low value of (C + A) corresponding to a relatively high value of
m, e.g.

15° - 57 = 250.
In this and the next case, if Iml < Inl and y > 0, all (C + A) terms are negative.

For (C+ A),ifn=4r+3,som=4r + 1, p— yis free to range above 1. If Im| > Inl then
we have low terms like

(-7)*=3°=22,5"-37=382,9° - 3° =486, (-7)* - 3’ = 2158, etc.
Some of these terms can be quite small, e.g.

13°-37=10. m

5. Fibonacci, Lucas and other sequences.

Almost all our results are based on extensions of the simple cyclotomic rule

F-F=q-90 + P B .

We will now see how these ideas recur in defining Fibonacci numbers f, and Lucas
numbers I,.
= 0 1 2 3 4 5 6 7 8 9
fp= 0 1 1 2 3 5 8 13 21 34
2 1 3 4 7 11 18 29 47 76

Each Fibonacci and Lucas number is the sum of the previous two. They can be
derived from the following sequence

2 3 4 5
1 X X X X X
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where x* = x + 1, which by the quadratic formula has roots
T=(1+5)2, o= (1-\5)2,

so that
T-c=V5andt+c6=1.

Then linear combinations of T° and ¢ are also such sums, and
f,= (1" - o’)/(t- o)
= {((1 +V5)/2)" = (1 =V5)2)"} N5
=t 't o+ . +00!
=TI(s=1, p- D[t + o(eTi2ns/p)].

The Lucas number is
I, = (" + ")/(Tt+0)
= {((1 +V5)/2)? + (1 = V5)/2)P}.

For odd p we have seen this is just
L=®"-7""%+..+c¢"'

and for any p, since T+ 6 =1
,=T(s=0,p- D[t-o(eTin@2s + 1)/p)]. ®

It is also possible to produce sequences in which each number is the sum of a factor
times the number before it plus a factor times the number two places before it. By
analogy with our treatment of the Fibonacci and Lucas sequences, derived from the

sequence
1 X x> x> x* x>
we now have
X2 = VX + W,
where the roots T and oy satisfy
T = (Vv + V(v + 4w))/2, oy = (v = V(V* + 4w))/2).

Once again, linear combinations of 1,” and o," are also such sums, and
fxp = (Txp - pr)/(tx - Gx)
= {(v +V(V* + 4wW))P = (v = V(v + 4w))PI2P(V + 4w)
=t v 1P %o+ ...+ 00!
=TI(s =1, p— D[t + ox(eTi2ns/p)].

The generalised Lucas number is
lyp = (T + 0x")/(Tx + O)
= {(v+ VO +4w)P + (v = NV +dw))P}/2Py,
which for odd p satisfies
o= o' ' -t %o+ ...+ 0!
and for any p
lyp=TI(s =0, p — 1)[1x — ox(eTim(2s + 1)/p)I/v.

Let the first element of the sequence be K and the second L, then

2 = (T + PSP/ (T + Ox)
satisfies
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o= (VK/2) + [v(L — vK)/2\(v* + 4w)]
and
B = (VK/2) - [V(L — vK)/2N(v* + 4w)]. m

We can generalise these results in a different direction, in the first instance by
considering the sequence in which X’ = X"+ x + 1. This has the solutions [24]
T=(1/3)[1 + (19 +3V33)'"" + (19 - 3¥33)"),
o= (13)[1 + 03(19 + 3¥33)"" + 05°(19 - 3V33)"7),
p = (1/3)[1 + @*(19 + 3V33)"" + w3(19 — 333)"7],
where @3 = ¥5[-1 + iV3].

We can consider linear combinations of powers of the above, in which for example
T+0+p=1,
when we get the generalised Lucas formula
sh=(T"+ "+ pM)(t+0G+p)
= (13)P{[1 + (19 + 3V33)"® + (19 — 333)*]P +
[1+ @3(19 + 3V33)"” + 03°(19 - 3V33) "] +
[1+ @219 + 3V33)" + @3(19 — 333) 7Py,
with values
p= 0 1 2 3 4 5 6 7 8 9
sh= 3 1 3 7 11 21 39 71 131 241

We now generalise these numbers to 3g,,, given by the linear combination
32 = (ot + Bo® + YP)/(T + 1o + vp).

So, for p = 0, suppose 3g, equals the integer K. Then
K(t+ uo +vp) = (ot + B + 7).

For p = 1, we choose 3g, as the integer L, giving
L-ot+(Lu-PB)o+(Lv-K(T+uo+vp)+a+p)p=0.
If we allow 1 and v to be free variables, we have now introduced a constraint by
selecting L. For example, we could evaluate 7y in terms of o and [3:
v=[o(L - K1) + B(L - Ko)]/(Kp - L).

For p = 2, we allocate 3g, the integer value M. This additional constraint allows us to
express P in terms of a:

oM —-tL)t(Kp - L) + (L - Kt)(M - pL)p]

+ B[M - oL)o(Kp — L) + (L - K6)(M - pL)p] = 0.

We can now fix o by choosing suitable values of i and v. To simplify matters, we
choose L =V =1, as in the previous generalised Lucas sequence. Then T+ ¢+ p = 1.

Thus the p = 0 case gives
y=K-a-B
and the p = 1 case then gives

B=I[a(p-1)+L-Kplic-p),
leading to
at-0)(T—p)=M-L(c + p) + Kpo.

If we put
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T=(19 + 3V33)"”
and
U = (19 - 3v33)'",
then
T=(1/3)[1 + T + U]
o=(13)[1+ 0T + @5°U]
p =131 + 0T + w3U],
and using UT =4 gives
a[T?+ U*+4]=3M-L2-T-U) + K(T*+ U*~T-U - 3)/3.

We note that
[T>+ U* + 4] = [T’ - 64T [T° - 4]
= [T’ - UJ[T-U]
= 198/[T - UN33,
so it is possible to get an expression for o with all surds in the numerator:
o= (K/3) + V33.[T — U][3M + L(T + U — 2) - K(T + U + 7)/3]/198,
giving
B = (K/3) + V33.[sT — w5°U]
[3M + L(sT + 03°U — 2) — K(005T + @5°U + 7)/3]/198.

The expression for 7y is likewise obtained from that for o under the transformation
a—vy:T— T, U— wsU.

Thus it is possible to have integer generalised 3g, sequences satisfying the linear
combinations of x> = the linear combinations of (x> + x + 1), i.e. a sequence

p =0 1 2 3 4 5
3gp= K L M K+L+M K+2L+2M 2K+3L+4M. B

We now generalise as we did for the previous example involving a quadratic, to
consider the cubic equation
X = ux’ + VK + W,
which, with x = y + u/3, may be written as
Y + ((u*/3 - v)y — Qu’/27) - (vu/3) —w =0,
where we will use the variables
q=-u/3-v
and
r=-2u*/27) - (vu/3) - w.

The solution of this equation is
X = (/3) + €[12(-r + N(* + 4¢°127))]'°
+ U172t =@ + 4q° 27",
where the {€, i} pairings are {1, 1}, {3, 3%} or {os% m3}.

Denoting the three solutions for x by T, Gx and px respectively, we have
T = (U/3)[1 + Tx + Uy],
o= (U3)[1 + Ty + 0°Uy],

Py = (W31 + 03" Ty + 03Uy ],
where
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uTy = [1/22u + 9vu + 27w
+V(-27u’v? + 486uvw + 108u’w + 729w* — 108v*))]"
and
uUy = [122Q2u® + 9vu + 27w
—N(-227u*V? + 486uvw + 108u’w + 729w” — 108v*))]*".

Then u’TyUy = -3q, so
T Uy = 1 + 3(v/d).

So we investigate the allocation

3&p = (0T + BO” + <) (Tx + Ox + po),
where

T+ Ox + Px = U.

For p =0, we set 3¢, =K, so
K=(o+p+y/u,
ie.
y=uK-o-.

For p =1, we put 3g,, =L, so
L = (ot + PO+ Ypx)/u,
giving
B = [oUpx — Tx) + uL — uKpJ/(0x — px).

For p =2, the allocation is 3gx, = M, which implies

OC(sz(Gx —px) + (Px— Tx)cxz - Px2(6x —px) — (Px— TX)pxz] =

u{M - L(6* - px) + [-L + Kpslo,® — Lp(0x — piP) — [-L + Lpidps’},
or

Oc(tx - Gx)(tx_ px) = u{M - L(pr - px) + prcx}-

Expressing the left hand side in terms of Tx and Uy gives
ow’(Ty” + TxUy + UP)/3,
whereas the right hand side is
u{M - Lu(2 - Ty - U)/3 + Ku*(1 — Ty — Uy + Ty* — Ty Uy + U2)/9}.

Now

T, — U = [Ty — Ul[Ty” + TxUx + Uy,
and we will also need

TS + US = [Ty + Uy][T, - TUy + U2

Thus
ow[Ty’ — U)3[Tx - Ul =
{M - Lu(2 — Tx— Up/3 + KuX(1 = Ty — Uy + [TC + UV [Tx + Ug])/9},
or
o= [Ty — U /[T — UV {3M/u — L2 = Tx = Uy)
+ Ku(l — Ty — Uy + [T + USY [Ty + U])/3).

The expression for B3 is obtained from that for o under the transformation
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o — B: Ty = Ty, Uy = 03°Uy,
and the expression for 7 is likewise obtained from that for o under the transformation
o — 7 Ty = 03°Ty, Uy = 03Uy W

The quartic equation x'=x’+ x* + x + 1 is also solvable. Putting x =y + % gives
f(y) = y* — (11/8)y* — (13/8)y — 339/4* = 0,

which can be put in the form
f(y) = (¥’ —jy + m)(y’ + jy + n).

Then
2m = j* - 11/8 — 13/(8j),
2n=j*—11/8 + 13/(8))
and
h(7») = ® - (11/4)j* + (115/4H)f* - 13%4° = 0.

Let the resolvent cubic of the above equation be

(- =-hz) =z +az’ +bz+c
with a= 11/4, b= 115/4* and ¢ = 13%4°, giving a discriminant for f(y) of

D =-16a'c + 42’ + 128a%c? — 144ab’c + 27b* — 256¢° = 1,438,756,811/4°.
Since the discriminant of the resolvent cubic, Dy, is minus the discriminant of f(y), so
Dyes < 0, the resolvent cubic has exactly one real root, the roots of j2 being minus these
roots.

The solutions for x are now
T = Va+ Ya(-j + N(11/4 — i = 13/(4))))
6= Y4+ Va(-j —N(11/4 - i - 13/(4))))
p =Y+ Y+ N(11/4 - i* + 13/(4j)))
and
A=Ya+ (G- N(11/4 - + 13/(4))),
where we can choose the positive sign in + i from
PF=1/3)[11/4 +B+C],
i* = (1/3)[11/4 + 03B + 05°C]
or
i# = (13)[11/4 + 03B + 0:C],
with real values
B = [Va(-65 + 3V[(3)(563)])]"" = 3.077469944
and
C = [Va(-65 - 3\[(3)(563)D]'"” = -4.549191464,
(so BC=-14).

To simplify subsequent manipulations, we will also put
R =(11/4 —* — 13/(4)))

and
S =V(11/4 - + 13/(4))).

We now choose, analogously to the previous example,

4gp = (0 + B’ + PP + SA)/(T+ uo + vp + EA),
under the simplified allocation it =v =& =1, and noting that T+ s+ p + A = 1.
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Then the p = 0 instance gives, for integer K,
K=a+B+7y+0.
For p = 1, we choose 4g, as the integer L, obtaining
L=%[Y2(a+B+y+3)+(-0o—B+7+9d)j+ (a—P)R+ (Y- 9)S]
or
L=%["%K + (2y+20-K)j+ 2o+ 7+ d— K)R + (Y- 9)S].

For p =2, we choose an integer 4g, = M, so
M = Va[Va(ot + B + Y+ ) + (00— B + Y+ 8)j + (at + B + Y+ &)}
+ (0= B)(1 = 2))R + (Y= 8)(1 +2j)S + (o + P)R* + (y+ §)S’]
or
M= [L - (KA Y2=PIa =) + (v + 8))°
—Va(y+ 8§ — K)R? + (Y- 8)jS + Va(y + 8)S*.

Then, for p = 3, we finally assign the integer 4g, = N, which gives
N=>0R)[(1/8)(+ P+ 7+0)+ BMA)-a—B+7+9d)j+ B2) o+ P+7y+ é‘))j2
+(-0—B+y+ )i +3(a-P)%—j+ IR +3(y-8)(% +]j+i)S
+3(0+ B)(¥2— R + 3(y+ §) (V2 + )S + (a— PR’ + (- §)S7],
that is
8N = [6L — K(1 - 2)1(*2 —)* + @L + K(1 - 2j)R*
+(y+8)((312) - NEi* - R?)
+3(y+8) 2+ ))S* + (Y- 8)(6] — R* + SH)S.

We observe that, if we apply the transformation S — -S, each of the equations for K,
L, M and N are invariant under the swap transformations y — 0 and 8 — 7. Also these
equations are invariant under the swap transformations o« — 3, f — a,, if we combine
them with the substitution R — -R. The simultaneous transformations @ — v, Y — «,
B — 3, 8 — P in combination with the transformations j — -j, -j > j,R > S, S - R
likewise leave the formulae invariant.

Hence if we obtain a symbolic formula for §, we can find the formula for y from it by
substituting each occurrence of S by —S in the equation for 8. Similarly, if we obtain a
formula for o, the corresponding formula for f is derived by substituting R by —R in
the o equation. Moreover, we can obtain the equation for o from the equation for y by
applying for every j, R and S, the transformations j — -j, -j > j, R — S, and S —» R.

Since swapping j and -j swaps the values of S and R when these are expanded out in
terms of j, the formula described above for a (or by similar methods for 3), obtained
under a j, -j swap, is still valid after eliminating R” and S by substituting expressions
that involve j.

The equation for M we now put in the form

Py=E + Fd
where

P = +jS — UR* + US?,

E=M - [L- (K/4)("2-)I(%2-j) - 4KR®
and
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F=-+jS + UR* - 148,

The equation for N we allocate as
Qy=G+Hd
where
Q=((32) - DA - R) + 3(2 + ))S* + (6j — R* + $7)S,
G =8N - [6L - K(I - 2)1(*2 - j)* - [2L + K(1 - 2j)]R?
and
H = ((-3/2) + ))(4j* = R} = 3(V2 + j)S* + (6 — R* + $HS.

Then
6 = [EQ - GPJ/[HP — FQ].

We establish that
P=-F+2jS

and
Q=-H+2(6j-R*+$HS,
SO
HP — FQ = 2S[Hj — F(6j — R* + $?)]
=2S{[-2* + (R*2) + (§*/2)]* - R*S?*}
=2S{8j* — 11j* + (13/(4)))*}.

Expanding EQ — GP by separating out terms in K, L, M and N, gives
EQ - GP = K[(Q/4) - (1 - 2j)P][(¥2- j)* - R’]
+L[(Y2— j)(-Q + 6(Y2 - j)P) + 2R°P]
+MQ - 8NP,
or
EQ - GP = (K/4)[2(1 + 2j)j* + Ya(-R* + 8 + j(-R* + 58%)
+2(1 +4§)jS + (-R* + SHSI[(v2- j)* - R*]
+ (LI2)[(-3 +4j + 4P)f
+ (3/4)(R* =S + (-1 + 3)(R* + 358?)
+3(-1 +41)jS + R(S*~RY)
+ (1 +2)R?S + (-1 +2))S7]
+ M[((3/2) — D(4j* = R®) + 3((1/2) + j)S* + (6] — R*+ SH)S]
+ 2N[-4j* — 4jS + R* = §7],
and substituting for R and S in terms of j, reduces the formula to
EQ - GP = (K/4)[(39/2) + 11j + 2§* + (13/(4)))
+ [2) + 8% + 13/(2)IS1[-5/2 — j + 2§* + (13/(4j)]
+ L[(-13/4) + j + 15 + 4] — 4]* + 13/(2)) - 169/(16}%)
+ [(4] + 4§’ - 13/(4))]1S]
+M[(13/2) + 11j + 6§* — 8] + 39/(4)) + [6] + 13/(2j)1S]
+ N[-8f* = (13/)) - 8iS].

Thus
5 = [EQ — GPI/[2S{8j* — 11j* + (13/(4)))*}1.

We have similarly
v = [EH - GFJ/[HP - FQ].
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An analogous argument to that for EQ — GP yields
EH - GF = K[(H/4) - (1 - 2))F][(*2- j)* - R’]
+ L[(Y2— )(-H + 6(%2 — ))F) + 2R°F]
+ MH - 8NF,
giving, either under the substitution S — -S for 8, noting the denominator contains S,
or directly
EH - GF = (K/4)[-2(1 + 2j)j* + Ya(R* — $%) + j(R* — 5587)
+2(1 +4j)jS + (-R* + SHSI[(v2— j)* - R*]
+(L2)[3 - 4j - 47)i°
+GAER*+ S8 —j(-1+ 32j)(R2 +38%
+3(-1 +41)jS— R*(S*- RY)
+ (1 +2)R?S + (-1 +2))S7]
+ M[((-3/2) + DA = R*) = 3((1/2) + ))S* + (6] — R* + SH)S]
+ 2N[4j* - 4jS = R*+ 7],
and substituting for R and S in terms of j, enables us to deduce

EH - GF = (K/4)[(-39/2) — 11j - 2j* — (13/(4)))
+ [2 + 8§ + 13/2)]ISI[-5/2 — j + 2j* + (13/(4j)]
+ L[(13/4) — j— 15" — 47 + 4" — 13/(2)) + 169/(16)
+ [(4) + 45 — 13/(4))1S]
+M[(-13/2) - 11j — 6j* + 8} — 39/(4)) + [6] + 13/(2))1S]
+ N[8j* + (13/)) — 8jS].

This leads to the result
v=[EH - GF)/[2S{8j* - 11> + (13/(4)))*}].

We obtain o by swap techniques, or otherwise are able to insert values of y and 8 in
o= [L-%K - (y+ - (K/2))j — Y2(y— 8)SI/R — Ya(y + 6 — K),
which gives
o= {(K/4)[-2(1 - 2)j* + ¥4(S* - R?) — j(S* - 5R?)
—2(1 —4j)iR + -S8* + ROR][(V2 + j)* - §7]
+ (LI2)[3 +4j - 4P)f
+ (3/4)(-S* + R?) + j(-1 - 3))(S* + 3R?)
—3(-1 +4)jR - S*R*- S
+(1-2)SR - (1 +2))R’]
+ M[((-3/2) — D&} = %) = 3((1/2) — YR* + (-6 — S*+ R*)R]
+ 2N[4j* + 4jR — S* + R*1}/[2R{8j* — 11j* + (13/(4)))*}1,
and correspondingly, by substituting for R and S in terms of j, we compute
o= {(K/A)[(-39/2) + 11j —2§* + (13/(4)))
+ [-2) + 8§7 — 13/2)IRI[-5/2 + j + 2§ — (13/(4)))]
+ L[(13/4) +j— 1552 + 47 + 4j* + 13/(2)) + 169/(16}%)
+ [(-4)— 4j° + 13/(4)R]
+ M[(-13/2) + 11j —6]* — 8} + 39/(4j) — [6] + 13/(2j)IR]
+ N[8j% = (13/)) + 8jRI}/[2R{8j" — 11* + (13/(4})*}].

Thus we can find B from

B=K-oa-7-9,
or by alternative methods using swap techniques, either of which give us
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B = {(K/MM[2(1 - 2)i* + Ya(-S* + R®) — j(-S* + 5R?)
—2(1 -4)jR + (-S* + RHR][(V2 + ))* — $7]
+ (L/2)[(-3 - 4j + 41"
+(3/4)(S* = RH) +j(1 + 3j)(S* + 3R?)
—3(-1 + 4R + S*(R*- $H)
+(1-2)SR - (1 +2)R*]
+ M[((3/2) + DA]* = SP) + 3((1/2) — PR* + (-6] — S*+ RHR]
+ 2N[-4i* + 4jR + S* — R*1}/[2R{8j* — 11j* + (13/(4)))*}1,
and substituting for R and S in terms of j, produces the formula
B = {(K/M[(39/2) — 11j +2j* — (13/(4)))
+ [-2) + 8§% — 13/2)IRI[-5/2 —j + 27 — (13/(4))]
+ L[(-13/4) = j + 15)" — 4j° — 4j* — 13/(2)) - 169/(16}%)
— [(4j + 47" - 13/(4))IR]
+M[(13/2) - 11j + 6]* + 8] — 39/(4j) — [6] + 13/(2))IR]
+ N[-8* + (13/j) + 8jR1}/[2R{8]" — 11j* + (13/(4}))*}1.

So it is possible to compute integer generalised 4g, sequences satisfying the linear
combinations of x* = the linear combinations of (x3 +xC+x+ 1), that is, a sequence

p=012 3 4 5 6 7

dp=413 7 15 26 51 99

4= KLM N K+L+M+N K+2L+2M+2N 2K+3L+4M+4N 4K +6L +7M +8N
etc. The sequence may be extended for negative p, and the formulae are also valid for
K, L, M and N complex numbers. H

As an extension of Lemma I in section 2.2, we mention the result
Let hy, hy and h3 be the three imaginary unit quaternions. Then
dp= (T + 0" +pP+ AP
=II(s=0,p- D[t- oeThm(2s + 1)/p)
— p(eThym(2s + 1)/p) — MeThsm(2s + 1)/p)].

We can also consider linear combinations of roots of x* = tx* + ux’ + vx + w. Putting
X =Yy + t/4 gives
f(y) = y' — [BE/8) + uly’ - [(€/8) + (ut/2) + v]y
— [Bt/4%) + (Cu/16) + (tv/4) + w] = 0,
which can be put in the form
f(y) = (¥ —jy + m)(y’ + jy + n).

Then
2m = j* — [(3E/8) + u] - [(£/8) + (tu/2) + v/j,
2n =2 — [(348) + u] + [((t*/8) + (tu/2) + V]/j
and
h(i%) = j° = [3P/4) + 2u] j* + [(3t*/4%) + Cu + tv + 4w + u*)j°
— [(E/8) + ut/2 + v]* = 0.

The solutions for x are now
T, = t/4 + Va(-j + V(j* — 4n))
Gy = t/4 + Ya(-j — V(j* - 4n))
Px = t/4 + Ya(j + V(j* — 4m))
and
A = /4 + Y = \(§* — 4m)).
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If we write
7 =K+ [t/4 + 2u/3],
then
K + [(-u?/3) + tv + 4w]K* + [Ew + 2u’/27) — (tuv/3) + (Buw/3) — v*] = 0,

which using new variables q and r, we put in the form

K +qk’+1r=0,
o)

P = [/4 + 20/3] + €[172(-r + V(& + 4 27)]" + O[1/2(-r — N(* + 4¢°27))'",
where the {€, 0} pairings are again {1, 1}, {3, 0)32} or {0)32, o3}.

To simplify subsequent manipulations, we will also put
R =V( - 4n)

and
S =V(j* - 4m).

We now choose
42 = (0T + PO + Wi + ML)/ (Tx + UOK + VPx + EN),
under the simplified allocation L = v = £ = 1, and noting that Tx + Gy + px + A= t.

Then the p = 0 instance gives, for 4g,, = K,
Kt=a+p+7+30.

For p =1, we choose 4gx, as the value L, obtaining

Lt =Yt[Y2(o + B + Y+ 8) + (ot — B + 7+ 8)(j/t) + (o — B)(R/t) + (Y- 8)(S/t)]
or

Lt = Yat[¥2Kt + (27 + 28 — Kt)(j/t) + Qo + Y+ 6 — KO)(R/t) + (y— 8)(S/v)].

For p =2, we choose a value 4g,, = M, so
Mt = Yt V(o + B + Y+ 8) + (-0t — B + Y+ &)(j/t) + (ot + P + Y+ 8)(j/t)?
+ (o= B)(A = 2(/0))(R/t) + (y— d)(1 + 2(j/t))(S/t)
+ (0 + BYR) + (Y + 8)(S/t)°]
or
Mt = {[L - (Kt4)(%2 — (//)]1(“2 - G/0)) + (Y + 8)(j/t)
— Va(y + & — KORE + (Y- 8)(jS/%) + Ya(y + 8)(SHP)}.

Then, for p = 3, we finally assign the value 4g,, = N, which gives
Nt = (1/8)C[(1/8) (0L + B + Y+ ) + (3/4)(-0.— P + Y+ )(j/t)
+BR)(+ B+ 7+ O+ (-o— B + v+ (i)’
+3(0t— B) (Y4 — (j1t) + (IODHRI) + 3(y = 8)(Y + (j/t) + (j/O)*)(S/t)
+ 30+ B) (V2 — (/O) R/ + 3(y+ 8)(V2 + (j/0)(S/t)
+ (- BYR’ + (y- 8)(S/)’],
that is
8Nt = £*{[6L — Kt(1 — 2(j/t)](V2 — (j/))* + L + Kt(1 — 2(j/t)))(R/t)*
+(7+ 8)((3/2) - (())A(/D) - (R/))
+3(y+ )2+ ((/0)(SI) + (Y- 8)(6(j/t) — (R/)* + (SIOD(S/)}.
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Our comments on swapping o, [, ¥ and 8§ symbols made in the previous example
where we had t =u =v =w =1 still apply, including the statement that swapping j and
-j swaps the values of S and R when these are expanded out in terms of j, since this
swaps m and n. Thus the formula described for o, say, obtained under a j, -j swap, is
still valid after eliminating R*and S° by substituting expressions that involve j.

The equation for M we now put in the form

Py=E + Fd
where

P = £[(j/t)* + S/ — Va(R/O)* + Y4(S/t)*],

E = Mt — [L — (Kt/4)(V2 — (j/t)1(V2 - (j/t)) — VaKt(R/t)*]
and

F = C[-(j/t)* + jS/P + Va(R/t)? — Va(S/t)*].

The equation for N we allocate as

Qy=G+Hd
where
Q = £{((3/2) - (I))AE(/)* = R/ + 3(V2 + (j/t))(S/t)*
+ (6(j/t) — (R + (S/I)D(S/)},
G =8Nt — {[6L — Kt(1 — 2(j/t))1(“2 — (j/t))* - [2L + Kt(1 — 2(j/t))1(R/t)*}
and
H = £{((-3/2) + (/O))A(j/)* — (R = 3(V2 + (j/0)(S/t)*
+ (6(j/t) — (R/Y)* + (S/)P)(S/)}.
Then
& = [EQ - GPJ/[HP - FQ].
We establish that
P = -F + 2(jS/t)
and
Q = -H + 2[6(j/t) — (R/t)* + (S/)*(S/V),
SO

HP — FQ = 2(S/t)[H(j/t) — F(6(j/t) — (R/t)* + (S/)H)]
= 2(SIO{[-2(/)* + (R/)*2) + ((S/)*2))* — (R/*(S/t)*}
= 2(S/{[(8j" — 3t — 8u)j*/t*] + 4[((/8) + (ut/2) + v)*/(*tH1}.

Expanding EQ — GP by separating out terms in K, L, M and N, gives
EQ - GP = (Kt4)[(Qt)) — (1 — 2(/0)PE][(V2 — (j/0)* — (R/1)*]
+ L[(2 = (I))(-QE + 6(Y2 — (j/)PE) + 2(R/t)*PE]
+ MtQ — SNtP,
or
EQ — GP = (Kt%4)[2(1 + 2(j/)(j/t)* + Ya(-(R/t)* + (S/t)?)
+ GIO-R/)* + 5(S/H)P)
+2(1 + 4G/)GSI) + (<(R/)* + (S/0)*)(S/D)]
[(%2 - (/0)° - (R/D]
+ (LE2)[(-3 + 4G/ + 4G/0D)l)*
+ B4R/ = (SI)?) + (-1 + 3(/)) (R + 3(S/t)?)
+3(-1 + 43G/0HGSID) + (RIO*(S/)* = (R
+ (1 + 2G/O) RS + (-1 + 2(/0))(S/0)°]
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+ Mt[((372) - (/10)(E(/)* - R/
+3((172) + (10))(S/)* + (6(j/t) — (R/)*+ (S/OP)(S/)]
+ 2NE[-4(j/)* - 4GS/ + R/ = (S,
and substituting for R and S in terms of j, reduces the formula to
EQ — GP = (Kt%4)[2(1 + 2G/t)(j/t)* + 2(n — m)/t*
+4G/O[G" +n - 5Sm)/t’]
+2(1 + 4G/0)GS/E) + 4((n — myED)(S/)]
[(1/4 = (j/t) + 4(/t%)]
+ (LE/2)[(-3 + 4G/ + 4107 i)*
+ (3(m - n)/t)
+4G/0-1 + 33G/0) (/0% — (n +3m)/(tY))
+3(-1 + 4G/)HGSI) + 4((* - 4n)/t*)(n — m)/?)
+ (1 + 2G/)(G* = 4n)/*)(S/t)
+ (-1 +2(/))((G* - 4m)/t*)(S/D)]
+ ME((3/2) - GIONIAG/) — ((F - 4n)/t)]
+3((172) + () — 4m)/t)
+ (6(j/t) + 4((n — m)/)(S/D)]
+ 8NE[-(j/)* — (jS/t*) — (n— m)/t)].

Thus
& = [EQ — GPV/[2(S/){[(8]* — 3¢ — 8u)j*/t"] + 4[((£/8) + (ut/2) + v)*/G*tH1}1.

We have similarly

v = [EH - GF]/[HP - FQ],
given by the expression for § under the substitution S — -S, noting the denominator
contains S.

We also obtain o by swap techniques. The equation for o is now obtained from the
equation for y by applying the transformations j — -j, -j = j, R = S, and S — R for
every j, Rand S.

Thus, by swapping, we can then find § by substituting R by -R in the o equation.

So it is possible to compute a formula 4g,, = (T + Bo” + yp. + OAL)/t, where the
linear combinations of pth powers of roots satisfies x' = (tx” + ux® + vx + w), that is,
for a sequence

p =012 3 4 5
42p= KLM N wK+vL+uM+tN tWK+(tV+W)L+(tu+V)M+(t2+u)N, cetc. N
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