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Abstract. Let a prime p = 4k — 1. We prove by elementary methods a formula for the
number of quadratic residues in the interval [1, 2k — 1] minus those in [2k, 4k — 2],
giving constraints on the result, but give no proof that this is positive.

Introduction.

Richard Guy in [2], unsolved problem FS, asks: If a prime p = 4k — 1, there are more
quadratic residues in the interval [1, 2k — 1] than in [2k, 4k — 2], but all known proofs
use Dirichlet’s class-number formula [4]. Is there an elementary proof? However,
Yuri Manin and Alexei Panchishkin [3] state: for every choice of axioms there will
always be statements which can be formulated in an elementary way, and which are
decidable, but cannot be deduced using only elementary methods.

We call n® a square or a square value. A quadratic residue, b, is then a square value
reduced (mod p), so n’ = ap + b, where b < p. Natural numbers here are in lower case.

A row is then the corresponding interval not reduced (mod p), so that the first row is
[0, p— 1] and the second row is [p, 2p — 1], etc. We specify that [0] is at column O.

Our plan of investigation into revealing a formula for the difference between the total
number of left hand interval [1, 2k — 1], and the right, [2k, 4k — 2] interval square
values, for p = 4k — 1 in the first (p + 1)/4 rows, is as follows.

In the preliminary remarks, we use two methods to show there are (p — 1)/2 non-zero
quadratic residues between square values 0 and (p - 1)>. The first method uses
Fermat’s little theorem, which states for p prime
y* —y =0 (mod p),

and the second uses square values rather than reduction (mod p). To prove this we use
a special case of the binomial theorem, which indicates symmetries in the quadratic
residues for each row, so the same non-zero quadratic residues occur for both n’ and
p- n)”. Essential to this understanding is the occupancy theorem, which states that m
#1 (mod p) and m # p — n (mod p) if and only if m?® # n* (mod P)-

In the section on the formula we first provide an example of p = 4k — 1 = 83. The
rows are displayed up to row (p + 1)/4, which is the maximum row up to which square
values do not occupy the same column.

We divide each interval [0, 4k — 2] corresponding to its reduction (mod p) into three
sectors. Region G corresponds to the interval [0], the left hand part of region H is the
interval [1, 2k — 1] and the right hand part of region H is [2k, 4k — 2].

For each row the difference between the number of square values in the left hand
minus the right hand part of region H is at worst -1. For the first row, we prove the
number of square values is greater on the left hand part of region H than on the right,
and descend to row T, a row after which the difference in the number of columns
between one square value and the next exceeds (p — 1)/2.



Looking at the bottom part of the p = 83 table shown later, we see the square values
rise up from the left hand part of region H to the right, almost corresponding to a type
of curve, which we call a trajectory, which we shall stipulate always ascends from left
to right, so a new trajectory starts when the curve switches from the right to the left
hand part of region H. We will prove that the first such bottom square value is located
at column (p + 1)/4 in the left hand part of region H.

Then, counting these square values from the first, labelled v = 1, to the rightmost
square value on the first trajectory, we can see the number of square values is greater
on the left than on the right.

For every other trajectory we are able to compute that the difference in number of
square values between the left hand part and the right is at worst -1. The trajectories
ascend, finally overlapping row T. Knowing the number of trajectories after the first is
M = the integer part of either (p + 1)/16 or (p — 15)/16, we give an explicit formula for
the combined row and trajectory differences.

An appendix provides ancillary computations to the main formula.

Preliminary remarks.

For p an odd prime, quadratic reciprocity theorems follow partly from Fermat’s little
theorem by considering y(y*"* — 1)(y* ™" + 1) = y((y)®"* = 1) = 0 (mod p), so all

(-2

squares # 0 (mod p) belong to the (y — 1) equivalence class. &

We will prove y(p'l)/ ?=1 (mod p) has (p — 1)/2 root positions. For quadratic residues,
the occupancy theorem asserts that these are all occupied by specific numbers.

We now prove the occupancy theorem, also applicable on adding yp to all ranges.
Assigning all numbers (mod p), p prime, m® #n’ if and only if m #n and m # (p — n).

Proof. The reverse implication will also hold. We will prove that m” - n*=0 (mod p)
leads to a contradiction, which would mean (m — n)(m + n) = vp for some v.

Putm>nand m,n< (p—1)/2,s0 (m+n)<p-1andalso (m-n) < (p-1)/2. Butp,
being prime, must be a factor of (m —n), (m + n) or both, and this is impossible.

fp>m#n>@p-1)/2,then2p-1>(m+n)>pand (p—-3)/2>(m-n)>1,so

neither (m + n) nor (m — n) is divisible by p

If sayn< (p—1)/2 and p > m > (p — 1)/2 then the only possibility is (m + n) = p, since
(m —n)(m + n) = [a number < p][a number > (p — 1)/2]. m

Let 0 <y < p, with p odd (for example p prime) and m € N, then
y" = (D"Pmp —y)*” (mod p).

Proof. Consider (p — 1)/2 even. A binomial expansion, leaving out terms in mp to a
power, which are = 0 (mod p), indicates that y** = (-y)®™""? (mod p). If (p — 1)/2 is
odd, so p = 4k — 1, then the binomial expansion gives y*? = -(-y)*""* (mod p). m

Our theorem has the following consequences.



Taking the typical example for the p = 11 table below, y5 repeats mod 11 in three
regions, A, B and C, the above equation representing symmetries in regions B and C.

Table:p =11, (p— )2 =5.

y = (mod p) y5 y5 (mod 11) region

0 0 0 A

1 1 1 B

2 32 -1

3 243 1 O<n<(p-1/2
4 1024 1

5 3125 1

6 7776 -1 C

7 16807 -1

8 32768 -1 (p-DR2<n<p
9 59049 1

10 100000 -1

11=0(mod 11) repeats

For (p — 1)/2 odd, if 0 <n < (p — 1)/2, i.e. region B, then there are & terms = 1 (mod p)
and (p —1)/2 — & terms = -1 (mod p), so there must be in the (p — 1)/2 <n < p region C,
d terms = -1 (mod p) and (p — 1)/2 — & terms = +1 (mod p), giving the complete set of
(p — 1)/2 occupied root positions for both 1 (mod p) and -1 (mod p).

If (p — 1)/2 is even, with the d terms = 1 (mod p) for region B below, there are d terms
= 1 (mod p) in region C, opposite in sign to the odd case. Thus there are 29 slots for
28 = (p — 1)/2 quadratic residues of 1% to 48 in the combined B and C region, and
these slots in B (and C) are completely occupied. So 6 = (p — 1)/4 in the B region, and
similarly the residues = -1 (mod p) occupy 0 slots in this region, likewise in region C.

Table: p=17, (p—-1)/2=28.

y = (mod p) y8 y8 (mod 17) region

0 0 0 A

1 1 1 B

2 256 1

3 6561 -1 O<n<(p-1/2
4 65536 1

5 390625 -1

6 1679616 -1

7 5764801 -1

8 16777216 1

9 43046721 1 C

10 100000000 -1

11 214358881 -1 (p—-DR2<n<p
12 429981696 -1

13 815730721 1

14 1475789056 -1

15 2562890625 1

16 4294967296 1

17=0 (mod 17) repeats




An identity for Fermat’s little theorem uses Bernoulli numbers B". For 1 < q € N, let
powers of B in quotation marks within a sum of terms be interpreted as B". Then

yioy=X(f=0toy— D[+ DI-f—1]

=qX(g=1to g~ D{l(q- DY(g!(g— ]
[“(y + B _ l)q—g+l _ Bq-g+1”]/(q _ g + 1)} — qL,
by Faulhaber’s formula [1]. This incidental identity with q = (p — 1)/2 prime results in

2y*V2 =2y — L (mod p). ®

We now address the above considerations from a slightly different point of view.

If we look at the table for squares, say in the (mod 7) example that follows, there are p
squares from 0 to p2 — 1 (mod pz), being 0% 17 ... (p- )%

Table: p =7, squares (underlined) to p> = 49. Region E columns = region F columns.

region D 0
region E

3456

00 =
NO o

7

10111213
region F 14 1516 17 18 19 20
21222324 252627
2829 30 31 32 33 34
3536 37 38 39 40 41
42 43 44 45 46 47 48

next p2 49

Since, by the binomial theorem for squares,
(p+mn)°=n’ (mod p),
these p squares fill, in p iterations (mod p), all the squares that are possible (mod p?).

Likewise, since

(p-n)’=n’ (mod p),
those squares which are non-zero (mod p?), repeat in just two non-overlapping sets
(mod p?), regions E and F.

Although the non-constructive ‘pigeon hole principle’ can act as a barrier to
understanding, we now apply this principle here.

Since there are p squares (mod pz), there are (p — 1)/2 non-zero squares (mod p). The
first overlapping set # 0, in region E, being the first (p — 1)/2 squares (mod pz), maps
to precisely (p — 1)/2 separate squares (mod p), because otherwise there would be less

than (p — 1)/2 of them. We are using here full occupancy of the square slots.

A ‘crossing out’ method can be used, analogous to the ‘sieve of Eratosthenes’ for
primes, for determining whether a number is or is not a square (mod p). Set up a grid
of width p and depth > (p — 1)”/4p and < [(p — 1)*/4p] + 1 with the first column
labelled 0. Determine the column for a number n given by n (mod p). Put an X in
column 0, an X in column 1 with no space between columns 0 and 1, an X in column
4 with two spaces between columns 1 and 4, and so on, increasing the number of



spaces by two each time and continuing into other rows if necessary. If the column

corresponding to n is reached, it is a square (mod p), otherwise it is not.

Detailed proof of the formula.

Example. p = 83, (p — 1)/2 =41 (odd), number of rows = (p + 1)/4 = 21. Square values

are underlined. Columns unoccupied by a quadratic residue are suppressed.

region
G

region H, left hand part

0

1 3 4 7 9 10 11 12 16 17 21 23 25 26 27 28 29 30 31 33 36 37 38 40 41

83

100

121

166

169

249

256

289

332

415

498

581

blank

664

676

747

830

o0
~
—_

913

blank

996

1079

1089

1162

blank

1245

blank

1328

1369

1411

1444

1494

1577

1600

1660

1681

Example (continued). Table for the right hand part of region H, with region G
inserted for reference. p = 83, (p — 1)/2 = 41 (odd), number of rows = (p + 1)/4 = 21.
Squares are underlined. Columns unoccupied by a quadratic residue are suppressed.

region
G

region H, right hand part

0

44 48

59 61 63 64 65 68

69 70 75 77 78 81

83

144

166

225

249

332

400

415

498

581

625

664

729

747

blank

830

900

913

996

blank

1079

1162

1225

1245

1296

1328

blank

1411

blank

1494

blank

1577

blank

1660

blank




We make the following observations.

1. To calculate the depth, or number of rows, of the above table, for (p — 1)/2 odd =
2k — 1, we have seen previously that the depth in region G and H generally satisfies
(p—1)%4p = (p — 2)/4 + 1/(4p)
< depth < (p + 2)/4 + 1/(4p) = [(p — 1)*/4p] + 1,
so the depth must be the whole number k = (p + 1)/4. There are thus only (p + 1)/4
rows we need to consider before the columns containing a quadratic residue repeat.

2. We now introduce the row parameter T. The criterion we use is: up to what value
for a square value n’ in the left or right hand part of region H is the difference
between the next square < (p — 1)/2? In this case, since the interval between each pair
of square values decrements by 2 going backwards from this row, all rows prior to
this are also occupied on the left and right.

So our criterion is
m+1)*—n’<(p-1R2
or
n<(p-3)/4.

Thus the rightmost value of n* corresponds to row related value ry, extending to
Tminp = (p — 3)7/16
T'min = [P -6+ (9/P)]/16
and the leftmost value of n’ corresponds to row related value rm,x, with
fmaxp = (p — 3)7/16 + (p - 2)
max = [p + 10 — (23/p)]/16.
The actual row lies between Iy, and rm.x, and is either row T or row (T — 1), where
T = the integer part of [p + 10]/16.

3. We will find the column for [(p — 3)/41°. 1t follows from the computation of row T,
withp=4k -1, thatif k =4a+ fwith =0, 1,2 or 3, thenif f=0or 1, T = a, and if
p=2or3thenT=a+1.

We see [(p — 3)/41% is in row T, since it is situated at column [(p- 3)/4]* - p(T - 1).

For f = 0 this square value is then at 9a, for = 1 itisat 13a+3,f=21isata+ 1 and
B =3 gives 5a + 4. Consequently for f = 0 this square value is on the right at column
9(p + 1)/16, for B =1 on the right at (13p + 9)/16, for p = 2 on the left at (p + 9)/16
and for B = 3 also on the left at (5p + 9)/16.

4. For the first row with columns > 0 and < (p — 1)/2, the highest square value has
F<p-D2

and there are j of them. Thus
i<V -2l

For the first row with columns > (p — 1)/2 and < (p — 1), the square values satisfy

VIi(p - D21 <j<N(p-1),
thus we note that the first row of the left hand part of region H has a larger set of
values than the right hand part, the difference being, taking integer parts

int{N[(p — 1)/2]} — {int{N(p - D} — int{N[(p — 1)/2]}},



which is positive for p < 23, and also for p > 23, for the above expression satisfying
with respect to the following number the relation

> int{[(V2) - IN(p - D} - L.

5. For a subsequent rth row with non-blank columns on the left hand part of region H
V= Dpl <j <[ -p - 12,

and for the non-blank right hand part of region H
V[@rp-p - 1)/2] <j<Vlrp-1].

The rth row of the left hand part of region H has at most one less square value than
the right hand part, the difference being, taking integer parts
{int{N[2rp - p - 1)/2]} — int{N[(x - p]}} -
{int{N[rp - 11} - int{N[2rp — p - 1)/21}}
= 2int{N[2rp — p — 1)/2]} — int{N[rp — 1]} — int{N[(r — 1)p]}.

Let int{A} be the integer part of the positive real number A and bit{A} be A —
int{A}. The maximum value of int{2A} — 2int{ A} is 1 (the minimum is zero) and the
maximum value of int{C + D} —int {C} —int{D} is 1, with minimum zero.

For positive real numbers a and b, on squaring twice we confirm
2W[a + (b/2)] > V(a + b) + V(a).

Thus
int{2V[a + (b/2)]} + bit{2V[a + (b/2)]}
> int{V(a + b) + V(a)} + bit{(a + b) + V(a)}.

Hence
int{2V[a + (b/2)]} > int{V(a + b) + V(a)}
> >
2int{V[a + (b/2)]} int{V(a + b)} + int{V(a)}.

The maximum disparity is when int{2\/ [a+ (b/2)]} - Zint{\/ [a+ (b/2)]} =1 and when
int{N(a + b) + V(a)} — int{V(a + b)} — int{V(a)} = 0. In this case

2int{V[a + (b/2)]} > int{\(a + b)} + int{V(a)} - 1.
However, the only case where the ‘minus 1’ above is operative is when

2int{V[a + (b/2)]} = int{V(a + b)} + int{V(a)} - 1.

The result above follows puttinga = (r— I)pand b= (p - 1).
Note that int{2V[a + (b/2)]} — 2int{[a + (b/2)]} = 1 implies int{2\[a + (b/2)]} is odd.

We infer that when a row has an even number of square values, because the difference
between the left hand part and right hand part is at most -1, there must be an equal
number in the left and right hand parts, or an excess of left over right.

6. Next consider region H after row T, that is, where the difference between adjacent
square values > (p — 1)/2.

We now work back from the last square value in region H. This concerns the number
[(p - 1)/2]2, so this is on place [p(p + 1) — (p — 1)2]/4 from the rightmost column of
this row, i.e. this last square value is at (p + 1)/4 from the left hand side of region H.



Further, the column spacing between adjacent square values for a trajectory increases
by two each time, so the vth square value counting backwards from the last square
value at v =1is at

[P+ DAI+2[1+2+...(v=-D]=@(p+ 1)/4+v(iv-1)
from the left hand side of region H. So provided

p+DA+viv-1D<(p-1/2
the last v quadratic residues are on the left hand part of region H, with

v< {Np-2)] + 1}/2.

We can also argue that if it is not in the first r non-blank rows, the row corresponding
to v + 1 is blank on the left hand part. In the table above we see the two adjacent
blank lines in the previous diagram for the left hand part of region H for p = 83 are on
the right hand part a continuation of the trajectory of rows with just one square value
on the left.

Forp=4k -1, s0 (p—1)/21is odd, sp — 1 is not a quadratic residue, since
(sp— D® P2 _1%0 (mod p).

Thus for the right hand part
Pp+DA+v(v-1)<p-2,
and so
(Nep-21+1}2<v< {NGp-8)] + 1}/2,
which means for the first pass through of this trajectory the number of square values
on the left is greater than those on the right. This can be deduced, for X > 6, from
2int{XA(3)} - int{X} > 0.

7. We will work in the region beginning from the bottom row trajectory up to the
trajectory starting just before row T. At most one square value exists in both the left
hand and right hand parts of these trajectories.

Since trajectories are ascending and terminate on the right, there is an overlap of the
last square value of a trajectory with the right hand part of row T — then subtract a
residue from the right hand side of row T — this will improve our result by 1.

We calculate that, on the left hand part, for the (m + 1)th pass through on a trajectory
mp<(p+D/A+viv-1)<mp+(p-1)2
SO
{N[(@m - Dp] + 1}/2 < v< {[N[(4m + D)p —2]] + 1}/2,
(for m = 0, however, the left hand side is O in the above expression) and on the right
hand part of region H we have
mp+(p-DR2<@pPp+DA+viv-1)<(m+ 1)p-2
SO
{N[(m + Dp —2]] + 1}/2 < v < {[N[(4m + 3)p — 8]] + 1}/2.

8. To calculate the number of trajectories up to the one intersecting with row T, note
that the square values from 1 to the last square value in row T always satisfy

2

j-<pT.

The number of square values from 1 up to and including row T, but without the
overlap square value, is then



jmax = int{N[pint{(p + 10)/16}1} = 1 = (p - 7)/4
fork =0 or 1 (mod 4), and p > 3, but for k =2 or 3 (mod 4)
Jjmax = (p — 3)/4.

The total number of residues is (p — 1)/2.

If the number of trajectories from the end to the trajectory overlapping with row T is
(M + 1), where the number of trajectory square values is

T =int{[N[(M + 3%)p — 2]] + ¥2},
then we have just deduced

(P—1)/2 =jmax +J.

We verify from a binomial theorem expansion, that even in the least favourable cases
VIM + 13/16)p]] + 1 > T > [N[(M + 11/16)p]] - 1,

so when jmax = (p — 7)/4, then
[p-11+(1/pl16<M<[p+ 7+ (81/p)l/16,

which implies M = int{(p + 1)/16}, and when ja.x = (p — 3)/4, we find
[p—-19+ O/p)l/16 <M< [p-1+(25/p)l/16,

giving M = int{(p — 15)/16}, or zero forp< 11.

9. Putting this all together, and using the values shown in the appendix

int{(N[rp - (p + 1)/21} = int{V[rp — (p/2)]},

int{N[rp - 11} = int{N(rp)},
and that the appendix shows the difference for row T is zero, the difference between
the residues in the left hand part minus the right hand part therefore sums in total to
equal to

(difference in 1* row) + (difference in rows 2 to (T — 1)) + (overlap row T)

+ (difference for trajectories 1 to M) + (difference for trajectory m = 0).

Using previous results, we obtain this total difference is equal to
2int{N(p/2)} — int{p}
+ 2[r=2to (T — D][2int{N[rp — (p/2)]}
~int{N(rp)} — int{V[(r - Dp]}] + 1
+ 2[m = 1 to M][2int{\[(m + %)p — V2] + ¥5}
—int{V[(m + %)p — 1] + ¥4} — int{N[(m — Y%)p] + ¥2}]
+ 2int{[N[(p/4) — V4] + Y} — int{[N[Gap — )] + 14}. =

Appendix. Ancillary computations.

10. The number of square values for a complete row is

int{\(a + b)} —int{\(a)} = int{N(rp - 1)} — int{N(tp - p)},
and sinceV (rp) is not a square

int{N(rp — 1)} = int{N(rp)}.

Consider the number of square values for row r minus those for row (r + 1). This is

2int{N(rp)} — int{N[(r - D)p]} — int{N[(r + Dp]}.

Now in general
2int{ X} >int{X + A — Y2} + int{ X — A — 2},



because the ints on the right are maximised as the value of bit{ X} approaches 1, and
the int on the left is unchanged by this. Then if bit{ X} > bit{ A} > V2, the first int on
the right is int{ X} + int{ A} + 1 and the second is int{ X} —int{ A} — 1, and if bit{ X} >
bit{ A} and bit{ A} <%, the first int on the right is int{ X} + int{ A} and the second is
either int{ X} —int{ A} or int{ X} —int{A} — 1.

Thus the number of square values for row (r + 1) will always be less than or equal to
row r when

2int{[N(rp)] > int{ N(p)I[1 — (1/2r) — (1/8%) — ... 1}

+int{(N@p)I[1 + (1/2r) = (1/8tD) + ... — ... 1},

and so this will always occur when

Nap)1(1/81%) > V5.
Hence if r = 1 this must happen when p > 19, for r = 2 when p > 139 (although both
these occur for all relevant p) and generally for a prime (4k — 1) when p > 161r°.

Note that for p = 151, the number of square values for the left hand part of region H
can increase as the row number increases. For row 4 there is one square value, 22° =
484 on the left, and for row 5 two such square values, 25% = 625 and 26° = 674.

For p = 127, the same type of situation occurs on the right of region H. For row 4
there is one such square value, 484, and for row 5 two square values, 24% = 576 and
625.

11. We now prove that -1 anomalies, that is excess of right hand over left hand
square values, occur in non-overlapping clusters of rows, each cluster of which is
designated by a different number of square values for the row. We will ignore rows
with an even number of square values, and since -1 anomalies occur in rows with an
odd number of square values, say 2t + 1, we have for these
2t + 1 = int{\(rp)} — int{N[(r — 1)p]}
= int{N(rp)} — int{[int{N(rp)} + bit{N(p)}1[1 — (1/2r) — (1/8r%) — ...1}
= int{N(rp)[(1/2r) + (1/81%) + ...]},
so the lowest bit value of ¥ (rp)[(1/2r) + (1/8r2) + ...] satisfies to first order
2r(2t + 1) < V(rp) < 2r(2t + 2).
We can be precise by replacing r by a function slightly less than r, but approximately
4r2t + 1)* < p < 4r(2t + 2)°,
and the highest bit value satisfies
2r(2t) < N(rp) < 2r(2t + 1)
or
4r(2t)* < p < 4r(2t + 1)

On incrementing t — t + 1, r changes to r’. If a lowest bit value transforms to a lowest
bit value then r decrements, likewise for a highest bit value transforming to a highest
bit value. If a lowest bit value transforms to a highest bit value then r — r’ decreases
and if a highest bit value transforms to a lowest bit value then

4°(2t + 3)* < p < 412t + 1)°,
and r again decrements.

For constant t, ignoring rows with an even number of square values, as the values of r
increase in sequence, this forms a cluster of filled-out rows of square values and if t
increments, it must correspond to a value of r before this cluster. Similarly, if t
decrements, r comes after the cluster.

10



12. If we determine the column of a square value for a particular row, for row 2 the
first square value is situated in the left hand part at column [int{\/(p — D+ 1} - P
and since V 4k -2) = v [2(2k — 1)] is not an integer, this is at

2int{N(p — 1)} = 1 + int{bit{N(p — 1)}[2 + bit{(p — 1)}]}.

On row r, the xth square value starting from x = 1 in row 2 is situated at column
[int{(N(p — 1) + x}]* = (r = Dp
= [int{N(p - D}]* + x* = (r = Dp + 2x[int{N(p — D}].

To determine int{\/ (p — 1)}, a binomial expansion gives the value int{Z\/k} —1, so that
if in this expression we set

k=0 + P,
with0<p< 02, so that

mw<p<(h+1l)o
then

2Vk = 20[1 + (p/c))]”

= 20+Ai+(p-Ao)o—...

SO

int{2Vk} = 26 + A.

13. If we consider the difference for row T, where for a, p € N
k=40 -+
with =0, 1, 2 or 3, and omitting p =3, 7 and 11 corresponding toa =0 for f=1, 2
or 3, which we can deal with separately, if row
r = int{(4k + 9)/16},
we observe on setting a = (4k — 1)int{(4k — 7)/16} and b = (4k — 2) that the ‘minus 1’
alluded to previously disappears, namely
2int{\N[(4k — D)int{(4k — 7)/16} + 2k — 1]}
= int{\N[(4k — D)int{(4k — 7)/16} + 4k — 2]}
+ int{\N[(4k — D)int{(4k — 7)/16}]},
since derived from this equality, and reversibly, the following identities are valid.

Forp=0,1
2int{N[160” - 90, + 4Ba]}
= int{(N[(160* — o + 4Bo. — 1]} + int{N[(160* — 17a + 4Po. — 4B + 1]},
so for B = 0 this reduces to
2(40—2) = (40— 1) + (4o — 3)
and forf=1
2(40— 1) = 4o + (4o - 2).

Forf=2or3
2int{N[160* + 7a + 4po + 2B — 1]}
= int{N[(16a* + 150 + 4Pa + 4P — 2]} + int{\N[(16a* — o + 4Ba]},
so for p = 2 this becomes
2040+ 1) = (4o + 2) + 4a,
whereas for B = 3 this implies
2(40+2) = (4a + 3) + (4o + 1).

11



14. For the disparity using a row, r, prior to row T, we consider

r=int{(4k + 9)/16} —y
where the minimum value of y is 0 (which we have discussed already as row T, so
choose y = 1), and the maximum value is

int{(4k + 9)/16} — 2 = int{(4k — 23)/16}.

Then a = (4k — 1)int{(4k — 7 — 16y)/16}, with b as before.

We will investigate whether the ‘minus 1’ case disappears again, this time for totals
under generalised assumptions. For each row r < T we establish the difference
2int{\N[(4k — D)int{(4k — 7 — 16y)/16} + 2k — 1]}
—int{\[(4k — Dint{(4k — 7 — 16y)/16} + 4k — 2]}
—int{\[(4k — Dint{(4k — 7 — 16y)/16}1}.

For = 0 this difference is
2int{N[160” — 16ay — 90 + y]} — int{N[160* — 160y —a +y — 1]}
—int{N[160® — 16ay — 17a +y + 1]},
for =1
2int{\N[16a* — 16ay — 5a — 3y — 2]} — int{\N[16a* — 16ay + 3a — 3y — 1]}
— int{N[160” — 16ay — 13a — 3y — 3]},
B =2 gives
2int{N[160* — 16ay + 24a — 7y + 3]} — int{N[160* — 160y + 320 — 7y + 6]}
—int{\N[160* — 16ay + 160 — 7y]}
and for =3
2int{N[160* — 16ay + 19a — 11y + 5]} — int{\[160” — 16ay + 27a.— 11y + 10]}
—int{\N[160* — 16ay + 11— 11y]}.

If a =1 then row T is at maximum row 2, and T is also 2 fora =2 and = 0.

For y = 1, successive values of § give the difference, for p =0 and a = 3
2[4a — 4] - [40 — 3] — [40 — 6]
and for p=0and a >3
2[4a — 4] - [40 — 3] — [40 — 5],
for p =1 with a = 4 (p prime implies a # 2 or 3)
2[40 — 4] - [40 — 2] — [4a — 5],
so that in this instance there is a ‘minus 1° anomaly, whereas for p=1and S<a <7
the difference is
2[4a — 3] - [4a — 2] — [40 — 5]
and forp=1and a > 8
2[4a — 3] — [4a — 2] — [4a — 4].
For = 2 we have the surplus
2[4a] — [4a] — [4a — 1],
and for B =3 and a = 2 or 3 the value
2[40] — [4a + 1] = [4a - 2],
whereas for p =3 and a > 6 (p is not prime for a = 4 and 5) this is
2[40] — [4a + 1] = [4a —1].

Thus there is no ‘minus 1’ anomaly fory = 1, except fora =4 and f =1, i.e. p = 67.

Let us look at these differences for y > 1 and y2 <.
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For B = 0 a binomial expansion to sufficient convergence at second order gives the
difference
2int{[4a — 2y — (9/8) + (y/8a)] + [-(;/2/200 +(81/5120%) + (y*/51207)
+ (y*/51207) + (9y/16a) — (y*/16a%) — (9y*/25607)]}
—int{4a[1 + [-(y/a) — (1/160) + (y/160%)]] *}
—int{\N[160* — 160y — 170+ y + 1]}
=[8a—4y —4] - [40.—2y — 1] — [4a — 2y — 3],
with algebraic manipulation obtaining the same final conclusion for f = 1.

For § =2 we have a difference
2int{[40 — 2y + 3 + (-4y* + 5y — 6)/8a — ...}
—int{[4a — 2y + 4 + (-4y* + 9y — 4)/80— ...}
—int{[4a -2y + 2 + (-4y* + y—4)/8a — ...}
=[8a—4y +4] - [40—2y + 3] — [4a — 2y + 1],
and for p = 3, iny2 <o then the difference is
[8a—4y + 4] — [40— 2y + 3] — [40— 2y + 1],
and if y2 <o < 2y2, then it is
[8a —4y + 2] — [40 — 2y + 2] — [40 — 2y].

So fory > 1 and y2 < g, there is no ‘minus 1’ disparity.

If we look at the differences for y > 1 and o < y* < 2a, for p = 0 we have either
[8a—4y —4] —[40— 2y — 1] — [4a — 2y — 3]
or the difference
[8a—4y —4] — [40— 2y — 1] — [4a — 2y — 4].
For § = 1 the possibilities are
[8a—4y — 6] — [40.— 2y — 2] — [40. — 2y — 4]
or as before
[8a—4y —4] — [40— 2y — 1] — [40— 2y - 3].
If we look at p = 2, with successively y =2, 3 and > 3, a zero difference holds.
For = 3 we are dealing with
2int{[4a — 2y + 2 + (3/8) — [(256y" + 96y + 41)/(5120)] — ...}
—int{[40— 2y + 3 + (3/8) — [(256y” — 160y + 89)/(512a)] — ...}
—int{[4a — 2y + 1 + (3/8) — [(256y* + 352y + 121)/(5120)] — ...},
so we have the zero difference
[8a —4y + 2] — [40 — 2y + 2] — [40 — 2y],
since a difference of 1 cannot exist for a = 2, because there is no value y = 2.

Once again, this time fora < y2 < 2aq, there is no ‘minus 1° anomaly.

15. We can also consider leading coefficients of 1, 4 and 9 for o’. We now sketch only
y = 3(a + v)/4. For B = 0 this difference is
2int{N[160” — 12ay — 8%a + %y]} — int{N[1607 — 120y — Vao. + 34y — 1]}
—int{\N[160* — 120y — 16%a + %Y + 11}.

For y=0 this is

2int{V[4a® - 8%a]} — int{V[4a® — Vao — 1]} — int{V[4a® — 16Ya + 1]}
=2[20.- 3] - [2a. - 1] - [2a - 5],
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where o # 1, 2 or 3, which is the case since y is a whole number, and because the
instance of o = 4 does not correspond to prime p and y corresponds to the anomaly-
free first row.

Fory=1itis
2int{N[4a® — 20%a + %]} — int{\V[4a® — 12V4a — 4]}
— int{V[4a® — 28%a + 13%]}
=220 - 6] — [20— 4] — [20. — 8],
where to ensure the non-imaginary nature of the last term, a > 7, but a = 7 does not
correspond to p prime and y points to row 1 with no -1 anomaly.

Fory=2,
2int{N[4a® - 32Y%a + 1%4]} — int{V[4a® — 24Yq + %]}
— int{V[4a* — 40%a + 2]}
=2[200-9] - [20—7] = [2a — 11],
where if the last term is non-imaginary, then o > 10, but for a = 10 we have T = 10
and y = 9, which is row r = 1, and we know this has no -1 anomaly. Again p is not
prime.

For vy = 3 this gives
2int{V[4a® — 44V4o, + 2v4]} — int{[4a® — 36Y%a + 1V4]}
— int{V[40* — 52V + 3%4]}
so o> 13, corresponding again to non-prime p and row 1 for a = 13, and therefore the
case o > 14 reduces to
2[200— 12] = [2a — 10] — [20. — 14].

16. For further differences we investigate small row values, T.

Since int{\/[rp - [(p + D/2]]} = int{\/[rp — [p/2]]}, because p/2 is not an integer, the
expression for the difference between left and right square values may be written as
2int{N(rp — (p/2))} — int{N(rp)} — int{N[(r — Dp]},
and using the relation again
2int{X} >int{X + A — 12} + int{X — A - ¥2},
with X =\(rp — (p/2)), we consider
2int{X} — int{X[1 — (1/2r - 1)) - (1/8Q2r - 1)) — ... 1}
—int{X[1 + (1/Q2r-1)) = (1/8Q2r - D} + ... — ... 1},
so the difference is always greater or equal to O provided
[(Vp)2r — D*W8(N2)(2r - 1)] > %4,
ie.p >3202r-1).

Thus for r = 2, we only have to check primes < 863 to determine whether this always
holds. It does. For r = 3, non-trajectory -1 anomalies exist for primes p = 67, 211, 227,
487, 547, 739, 883, 1123 and 1163, for values < 8783, with none elsewhere.

17. On blanks, no row can be entirely blank — this is self-evident.

No row can contain a blank on the left, or respectively the right, hand part and two or
more entries on the right, or respectively left, hand part, since if the separation
between square values is > (p — 1)/2 on the left, so that position n on the right is
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occupied, then the next position on the right hand part would be at least [(p — 1)/2] +
2n + 2 on the right, which goes past its boundary.

Conversely, if the right is blank, then the left if occupied in position n, is at an interval
(p—- D72 + [(p — 1)/2 — n] from the right hand edge of the right hand part, and the next
interval is at least 2[(p — 1) — n] — 2 to the left of this edge, with n < (p — 1)/2, which
once again goes past its boundary.

Similar arguments show that, starting from the last row, if the left hand or right hand
parts contain a blank, then preceding rows of both sides can contain no more than one
square value in the left hand part and one in the right.

Under certain conditions, if the right hand part of region H contains entries
sufficiently near its left hand edge, then the corresponding left hand part of region H
is blank.

In this situation, counting from the last row, if i = 1, ... X successive square values are
situated on the right hand part of region H in position wy from the left edge of that
part, and square value n? is in row u, then

(u-Dp+ @+ D2=n"-w,

(U-2p+(+1)/2=@m~1)—w,,

U-x)p+{P+D2=@0-x+1)7>—wy,
with each w; positive and w4 < p, i.e.

p=(m-x+ 1) = (0-x)" - Wy + Wy,
SO

2n —2x + 1 > wy.

Conversely, for the first x in sequence satisfying the relation wy., > p, all rows
identified by 1 to x are blank on the left hand part of region H.

Also, for this particular x, wy4; in the right hand part is matched by a square value in
the left hand part, which is the start of a new trajectory.

18. There is a bijection between square value difference terms prior to row T and
terms for trajectory differences.

If we represent row differences prior to T by
2int{V[p(u + ¥2) — Y21} — int{N[p(u +1) - 11} — int{[pu]}
using L =T — 1 —y, then we see a bijection for the transformation | <> m — % under
the square root, with an additional ¥2 in the int, provided we recall the trajectory term
— int{[V[(p(m + (3/4)) - 2]] + Y2}
was obtained by eliminating the final non-square value. If we ignore this, the term is
equivalently
—int{[N[(p(m + (3/4)) — 1]] + Y4}.

19. To estimate the difference between the left hand and right hand parts for any
trajectory, suppose A < B < C, z € Z and we can prove
B-A)>(C-B)+z
then, since the maximum inequality between 2int{B} and int{2B} amounts to -1,
int{B} —int{A} >int{C} —int{B} + z - 1.
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With A = [V[(h — 2)p] + 11/2, B = [V[(hp — 2)] + 11/2, C = [V[(h + 2)p — 8] + 1]/2 and

h =4m + 1, on squaring the trajectory relation (2B > A + C) twice, we get the result
p+2h-4 >0,

which always holds.

This was for z = 0. For z = 1, on squaring twice (this is all that is necessary) we see
the general relation is not satisfied for h > 5, although it must hold if bit{B} < 12, that
is, for all occurrences of

1 =1-int{2bit{B —€}},
where € is positive and tends suitably to zero.

On the other hand, if the condition
bit{A} + bit{C} > 1

holds, then because (2B > A + C) is always true,
2 int{B} > int{A} + int{C},

i.e. there is no discrepancy of -1.

Further, for general A, B and C, not necessarily of this form, these two effects add.
Thus for each trajectory, increased by one to a non-negative amount for each
occurrence of bit{B} <12, and increased similarly for every bit{ A} + bit{C} > 1, the
disparity between the left hand part and the right hand part of region H is -1.
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