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Foreword
This eBook describes some of my own works that constitute innovations in mathematics, a
description, helpful to the interested reader, of the creative process in mathematics, and
finally a translation into English of an article by Eisenstein that I have found full of
astounding insight.
From the desire to understand the mathematics of the twentieth century, the eBook arose
from the study of the mathematics of the nineteenth century and before, and progressively a
commentary and some modifications of it. To the best of my knowledge, these innovations
were never implemented in the twentieth century.
Creative mathematics – a viewpoint ties the themes of the book together. It is a light-hearted
look at ways of creative thinking and implementing them in practice.
Discussion on ladder numbers and zero algebras provides for the general reader innovations
in real number theory: a proof of the inconsistency of the uncountable continuum hypothesis
versus countable Cauchy sequences for reals. Implicitly, this inconsistency has been thought
a possibility since the work of Gödel. In more detail, a set S is countable with respect to a set
T if there exists at least one bijection between S and T, but there may be other maps between
the same sets which are not bijections. Using this definition of relative countability to look at
Cantor's diagonal argument, we also give an example which does not generate a diagonal
counterexample. We demonstrate by an extension of the proof of the countability of ℚ that
the set {ℕ, ℕ2, ... ℕp, ...} is countable and we further show that superexponential operations, a
generalisation of exponentiation, applied to the set of natural numbers ℕ, always generate sets
isomorphic to ℕ, thus deconstructing the existence of a distinct power set. We introduce
ladder numbers, which are are not well-ordered, implying the failure of a standard density
argument of ℚ within them. We use methods of transfinite induction acting on the density of
ℚ in ℝ to demonstrate the inconsistency of currently axiomatised analysis, and provide an
alternative. Many uses of ladder numbers are sketched.
Polynomial equations I – duplicate roots adds a nice twist to Galois theory – the sextic with
duplicate roots is solvable by radicals, even though the quintic is not solvable directly by
using Galois techniques. We indicate ways Galois theory may be generalised rigorously.
Polynomial equations II – transcendental solutions gives the general algorithm for solving
polynomial equations of any degree by successive convergent approximations.
Introduction to intricate and hyperintricate numbers I develops the well-known idea that
can be represented by the matrix

. Since complex numbers have two

components, but 2  2 matrices have four, we develop a four dimensional object – an intricate
number – that is an extension of complex numbers. This is generalised to 2n  2n matrices –
hyperintricate numbers. Proofs using the algebra are given also in Introduction to intricate
and hyperintricate numbers II, which takes this development technically further.

Some simple proofs of general reciprocity, after proving the quadratic reciprocity theorem,
introduces a minor extension of the Euler totient theorem. It then uses the work of Eisenstein
to develop ideas further, including for totient cubic and quartic reciprocity. Implications for
the exponential algebra D1, mentioned throughout the book, which differs from the standard
in that (ei)i = ei, are also indicated.
An elementary investigation of the prime p = 4k – 1 asymmetry theorem for quadratic
residues I investigates by elementary techniques the theorem known to hold by sophisticated
transcendental techniques that for prime p = 4k – 1 the number of quadratic residues in the
interval [1, 2k – 1] is greater than in the interval [2k, 4k – 2]. Part II of the same work
introduces the concept of parabolas to describe this phenomenon. These elementary method
ideas are related to the known result on the absence of a tenth discriminant, and a proof by
these means would constitute a proof of this theorem by elementary methods.
Lastly, we provide a translation from French into English of Eisenstein’s Applications of
algebra to transcendental arithmetic.
I have found that to develop my results I have increasingly been using the undergraduate text
Transform linear algebra by Frank Uhlig, and both from there and elsewhere his insights. I
would like to thank a number of people for their comments on parts of the book, which
changed some aspects of it: Roger Fenn, Doly García, Tim Gibbs, Roger Goodwin, Ben
Greenfield, Paul Hammond and Steven Miller, and to James Hirschfeld, who stressed the
importance of completing a project; this has become a permanent intention in my writing.
The decisions made on the contents are my own, as is the responsibility for any errors.
Jim H. Adams
Brighton & Hove
2014

Supplementary notes, May 2015, April 2017 and March 2018
Changes to this eBook are now frozen from March 2018 as a record of my thinking up to
2014. These supplementary notes were mainly created in May 2015. From April 2017 the
work has contained Part III of An elementary investigation of the prime p = 4k – 1 asymmetry
theorem for quadratic residues and from March 2018 a proof of the asymmetry theorem, with
corresponding renumbering of the final chapter and additions to the index.
Where references are made to the work Superexponential algebra before it was completed,
these references have been updated, and elsewhere. No other modifications have been made.
Intricate numbers are more usually given the name split-quaternions or coquaternions. They
were introduced by James Cockle in 1849 under the latter name in the London-EdinburghDublin Philosophical Magazine.

The argument used in Discussion on ladder numbers and zero algebras can be made more
precise on page 02.19.
For finite or countably infinite sets S, T or U we define  by the existence of at least one
bijection within the natural numbers ℕ. This is an equivalence relation, in that S  S, if S  T
then T  S, and if S  T and T  U, then S  U, so this forms a partition between those sets
belonging to the equivalence class, and those outside it. Then for sets S n, Tn, n  ℕ, if for
each n Sn  Tn, then for the set of all S n, {Snn}  {Tnn}, where this means if Sn  T n, then the
bijection is maintained for Sn+1  Tn+1, and the second subscript indicates a distinguished
copy for Sn  , defined inductively: Sn1 = {Sn}, Sn2 = {{Sn}}, Sn p+1 = {Snp}.
In this work we will adopt the argument of Cantor that the set ℚ of rationals is countable.
Define the Cartesian product of all natural number pairs ℕ × ℕ as ℕ2. Consider the rational
numbers not in lowest terms given by the set ℚ  {{1/n}, {2/n}, {3/n}, . . .}  the unordered
distinguished copies{ℕ1, ℕ2, ℕ3, . . .}  ℕ × ℕ (a set of ordered pairs) which by the Cantor
argument given next is  ℕ. The mapping from ℕ to ℚ is given in the following diagram.
(m, n)  m/n  ℚ0.
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1,3

1,4
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What is meant by the symbols . . . in the sets just given? This indicates that if the pth position
is occupied, then a similar item exists at position p + 1, although we can remove . . . from the
language, and use the properties of ℕ itself. Then by induction defined through the properties
of ℕ, we have ℕ  ℕp, for p a natural number, so that the set ℕ  {ℕ1, ℕ22, . . , ℕpp, . . .} 
{ℕ1, ℕ2 × ℕ2, . . , ℕp × ℕp × . . (p terms), . . .} contains by definition ℕℕ  {ℕ × ℕ × . . .}, in
violation of the basic assumption of the continuum hypothesis in set theory, that {0, 1}ℕ is
uncountable.
The description of the determinate zero algebra in the same paper is given on an axiomatic
basis in the author’s eBook Superexponential algebra.
The paper in session 11 and also the paper Polynomial equations I – duplicate roots assumes
Galois solvability theory holds, which is investigated further in the eBook Superexponential
algebra, where a description based on ring automorphisms is shown not to be equivalent to
inner group automorphisms. We are not challenging Galois representation theory, a separate
and distinct topic in multiplicative number theory. End results of Galois solvability theory are
obtained from its replacement in the theory of varieties in the case of ‘killing central terms’,
on eliminating dependencies.
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