CHAPTER I
Exponential factorisation theorems

1.1. Introduction.

In this outline of our conceptual work, a review largely based on elementary methods, which
have been common mathematical currency for over two centuries, we describe explorations
of the mathematical landscape concerning global field theorems for exponential powers.

In Section 1.2, we introduce an exponential notation.

Section 1.3 restates foundational rules for real exponentiation, providing proofs for the basic
‘binomial exponent’ and ‘geometric exponent’ theorems.

Section 1.4 continues with new cyclotomic variants of the ‘Fermat subtraction’, ‘Fermat
addition’ and ‘linear combination’ factorisation theorems, the latter being a formula that is a
linear combination of the previous two.

Section 1.5 develops in many variables the linear combination factorisation theorem.

1.2 The a° = aTh Ackermann-Knuth notation for exponentiation. [4]

We use sparingly a special symbolism to obtain our results and think a supplementary
notation “T” for aTh = a” is suggestive and appropriate. “aTb” must coexist with the current
convention, so we would still use e.g. sin®0. This has the advantages of being more compact
than exp{b}, complicated expressions become more visible and simpler to notate, long
sequences of exponents of exponents become easy to write and friendly on line spacing, the
choice between (aTh)Tc and aT(bc) allows flexibility and nuance, and because usually
aT(bTc) = (aTh)Tc, the non-associative nature of exponentiation becomes easy to specify.

1.3 Fundamental exponential theorems for real numbers.

Leta,b, ... toh, o, B, 7, 8 € R be non-negative real numbers and j, k, ... to z € N be natural
numbers. N starts from 1, unless 0 is otherwise indicated. Multiplication will take precedence
over exponentiation in implicit bracketing. We admit +[(-a)T(+p)] and +[aT(+b)] as terms,
but not otherwise +[(-a)T(+b)].

Factorisation of real numbers, or of complex numbers a + ib, is not unique. Natural numbers
factorise uniquely, and there is a type of unique factorisation for Heegner numbers, given by
p +qV-1, p + qV-2 or %(p + gV-r), where -r is one of -3, -7, -11, -19, -43, -67 or -163.

Since exponentiation is in general not associative, we need to understand both sides of
(aTh)Tc = aT(bTc), which is one of the principal objectives of our paper.

Now (aTh)Tc = aT(b x ¢), (a x b)Tc = (aTc) x (bTc), aT(b + c) = (@Th) x (aTc) and the
binomial theorem is (a + b)Tq = =(r = 0, g)[q!/r!(q — r)!Ja’b® ~". We adopt the convention that
0! = 1 and writing linearly putax q = 2(r =0, q— 1) a, where the sumis 0 if = 0, and aTq =
I1(r=0,g-1) a, where the product is 1 if q = 0.
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Of course, aT(bTc) may be resolved immediately using the formula
aT(T(c+d)) =al[(bTc)(bTd)],
or equivalently
aT(bTc) = aT{d[bT(c - logyd)]}
= {aT[bT(c - log,d)]} Td. m

In comparison with the rule for a% in terms of products above, the binomial theorem for (1 +
m)? gives an inductive formula for p? p > 2, in terms of sums.
pl=g{Z(t=0,p-3)[Z(p-2-t=0,q-Z(U=0,t-1)rp 2 )Urp 2
[2(r0=0,9—-2(v=0,t)rp 2 ) (Uro![qg-Z(w=0, t+ 1)rp o]}

Proof. We employ a proof by induction. Using a new variable s, which starts from the first
term s = 0, the (s + 1)th term in a binomial expansion of (1 + p)? is
[9'/s(q - s)1[pT(a - 9)].
Hence, putting s = r, 1, the sum of all these terms is
Adip,q = A 2(rp-1= 0, q)(U/rp-1!) [1/@—ro- )" [PT(@ - 1o 1)1},
so since the binomial theorem gives
2T(q-r) =1+ 1T (@-r1) =Z(0=0, g — r){(q - ro)V/[ro(q — .- 1)1},
the binomial expansion, Ay.p, g, for (1 + p)Ta, p = 2, is equal to our postulated formula
3Tq=q![2(r = 0, q)(U/r){ =(ro =0, q— r1)[L/ro!(q —r1— o)1}
Now, assuming the formula for pTr, withr=q—-r,_1 <0, above
Avrp,q = AH{Z(p-1=0, Q)(L/rp— 1) [1(q—rp- ) {(@ - 1p-1)! Z(t =0, p-3)
[Z(rp-2-t=0,0-2(u=0,t)rp_1-o)(Urp_2_1)
[2(r0=0,9-2Z(v=0,t+ L)rp_1_v)(Urol(q—2Z(w =0, t+ 2)r,_1_ w)HI1}}
Rearranging where t varies from 0 to p — 3, and cancelling terms
Arp,q= g Z(t=0,p—3)[ Z(rp-1=0, q)(1/rp-1!)
[Z(rp-2-t=0,0-2(Uu=0,t)rp_1-o)(Urp_2_1)
[2(r0=0,9-2(v=0,t+ Lry_1_)([A/ro!(q—Z(w =0, t+ 2)rp_1- w)N11}},
so the second line summation starts from r,_». This implies
Atip,q = q{Z(t=0,p-2)[Z(rp-1-t=0,0—Z(Uu=0,t—L)rp_1_ )(Lrp_1_+¢!)
[2(r0=0,9—-2Z(v=0,t)rp_1_y)(Uro!(q—Z(w=0, t+ 1rp_1- )N}
where t varies from 0, then 1 (e.g. r,_2 sum) to p — 2, that is, Ay q = (1 + p)Tg. m

Using aT( Z(j = 0, k) z) = I1(j = 0, k)(alz), aT(pTq) can be expanded out using the above
formula to give the binomial exponent factorisation theorem (BEFT), or expanded out fully

asnT(pTq).

The geometric exponent factorisation theorem (GEFT) for aT(b®) is
aT(b™ =af{ I1(r=0, q— 1) aT[(b® — 1)b*]}.

Proof. Consider the geometric series
n=o+abt+ab®+ ... + ab"™.

The sum is

Sp=afl - b )L - b9.
Insert o = [b° — 1] and n = q — 1. Then the sum becomes

[b%9—1] = [b° - 1{(d)TO + (V) T1 + ... ... + )T (q-1)},
yielding

at[b®®—1] =TI(r=0, g — 1) aT{[b° — 1][b°Tr]}. m
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The geometric series is related to cyclotomic equations, studied in the generalised Fermat
factorisation theorems of section 2.4.

Incidentally, when the arithmetic (a special case of Bernoulli) series formula
a®* Y =[T1(r=0, q) a”]
is combined with the GEFT above, it gives the result
a' = @"2{ 1(r=0, q) aT[(4r - 3/2(q + 1))/(2q + 3)]},
which reduces to
q=%+ZXZ(r=0,q)[4r-3/2(q + 1))/(2q + 3)],
as can be reconfirmed by routine calculation. A permutation of the argument gives
q=-3/2+2Z(r=0, q)[(4r-3/2(q + 1))/(29 — 1)].

Proof. We give a proof motivated by exponentiation. The arithmetic series sum is
Z(r=0,0q)r=qa(q+1)/2,
thus
99"V =111(r=0, q) 2%
Now
a@+1)=(q+ %)Y
It follows that
aT(q+%)?=a’[I1(r=0, q) a.
Applying the geometric formula gives
al(q+%)*=a{11(r=0,1) aT[(q- ) ((a + ») ]}
=alal(q-%)I[aTl(a— %) + %)]]
= a[aT(q - %)]T(q + 3/2).
We deduce
[aT(q- )] "% = a®*[ 11(r = 0, q)a”],
the last product having g + 1 factors, from r = 0 to r = . This right hand side is
[a-3(q +1)/4(q + 1)][ H(r — O, q) a2r] — H(r — 01 q)a(2r73/4(q + 1)).

Thus exponentiating by 1/(q + 3/2)
[9 1 = TI(r =0, q) [aT(2r — 3/4(q + 1))]7®*?),

giving
a% = aI1(r = 0, q)[aT(@r — 3/2(q + 1))} ).

If instead we interchange (q — %2) and (g + 3/2) and exponentiate by 1/(q — %2)
al=a " 11(r= 0, q)[aT(4r—3/2(q + 1))} Y. m

1.4 Generalised cyclotomic Fermat factorisation theorems.

The qth Fermat number is Fq = 2T(2Tq) + 1. So Fo =3, F; = 5, F, = 17, F3 = 257, F, = 65537
and Fs = 4294967297. Our theorems relate to generalised such Fq. As Fermat knew, the
extended Mersenne number Fq; — 2 = II(r = 0, g — 1)F.. The second Fermat subtraction
factorisation theorem example contains this result fora, p=2 and f = 1.

An example of the first Fermat subtraction factorisation theorem (first FSFT) is

al(p) = {[aT(p° ) - U Z(s =0, p- DIERT(E ) Ts]I} + 1.
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The first FSFT is
at[(bp) - F(gp)"] =
{[a™(op)° H1° - [FT(gp)" H°H =(s=0,p-1)
[@T[(op)° D) TbsI[(FTT(gp)" N Ta(p - 1 - 9)1}-

Proof. Introducing o = y* and B = &°, we explore the cyclotomic formula
P == BT L+,

which can be written in the form
a—B=[o" - (s =0, p- DI}

We obtain our result using

a.= aT[(bp)] = aT{(bp)"(bp)* "1 = @TL(bp)* 1) Tbp

and similarly

B =fTI(gp)" = FTI(gp)" ‘1) Tgp. m

An example of the second FSFT is
aT(p?) - fT(p*) =[a—f [(r=0,q-1)
{=(s=0,p-[aTsE" MNP -1-)(p" N

The second FSFT for free parameter m is
al((bp)*) - F1((gp)") =
{aTIe™(bp)° ™1 - fTIEMep)" ™I}
M(r=0,m-1){ (s =0, p— 1)[aT(bs((bp)** ")) (bTN)]
[ -1-s)((@p)" ' @I}

Proof. Consider the identity
Y™ -3Te™ = (TE™ H-8T(E™ 1)
{2(s=0,p-DIGTE" NTSIETE™ NT(P-1-9)}-

The term (yT(p™ 1) = 8T(p™ 1)) can be replaced for an nth general recursion to give
yTe™M -8Te™ = ¢TE™ ) -8Te™ ")
IMr=0,n{2(s=0,p-1)
[GTE™NTSAETE™ NP -1-9)13

Hence allocating the maximum nth replacement to m — 1, our star equation is
*  TEM-3T(e™ = [y — 8] TI(r = 0,m- D{Z(s=0,p-1)
[GTE™ - NTSAETE™ NP -1-913

Put
a = aT((bp)?)
=yT(p"),
leading to
y=yT(ET0) =y TI(P™ (™1 = ITe"IT(P™
=aT(p™).

Now, as can be confirmed by multiplying both sides by (bT-m),
pT-m = (bp)™b",
SO
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y=aT[b"((bp)* ™].
If we likewise allocate
B =fT(gn)"
=3T(p™),
reducing to
5=pT(p™

then we obtain similarly
5=f1g"((gp)" ™1

In consequence
aT((bp)*) - FT((gp)") = h
{aT"(bp)" ™1 - fTIg"(gp)" "1}
I[r=0,m-1){Z(s=0,p-1)
[T NTSIETE™ NT(P-1-9)1}
For the first of the last two terms in [ ], assign

a = al((bp)")

and
p* "= [(op)* " .
Then this term is

{aTbs[(bp)** 10T}

and the second term is by similar process

{Mop-1-9gp)" * g} m

The first Fermat addition factorisation theorem (first FAFT) states:
Let g, p € N be odd numbers and h € N. Then
aT((bp)?) + 1 ((gp)") =
{@Mbp)° D+ (FTIgp)" DK (s =0,p-1)
[@T[(op)* "D ThsII(-HTI(gR)" "D Ta(p — 1 - 9)I}-

Proof. Introducing
a=y"p=25,
we revisit the first FSFT equation
a-PB=[oP-BPK (s =0, p - DB " "}

Using
a = af(bp)° = aT[(bp)"(bp)° '] = (aT[(bp)° ') Tbp
and similarly
B =fMgp)" = (FT(gp)" 1) Tgp
gives, under the transformation p — -, that =" changes sign as 6 — -9, since p is odd,
which transforms f — -f, since gp is odd in § = £T(gp)". Hence the result. m

1/p

The second Fermat addition factorisation theorem (second FAFT) for free parameter m
states:
Letgand p € N be odd numbers and h € N. Then
al((bp)*) + T((gp)") =
{aT (O™ (bp)* ™ +FTI@™)(op)" "}
I(r=0,m-1){=(s=0, p—1)[aT(bs[(bp)°* "1b"]
[(-HT(ap - 1-9)[(gp)"* "N}
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Proof. The conditions are identical to the first FAFT, and the proof follows by close analogy
with the second FSFT proof. In particular, we note the following result, suitably amended, i.e.
we have performed the transformation 6 — -o.
(*) yT(Tm) +8T(eTm) =[y+ 8] I(r=0,m-1){ %(s =0, p-1)

[GTpT(M -1 - TSI TPT(M - 1-NDT(P-1-9)]}. =

We subsequently identify €, n, © € C as complex numbers, ¢ =2.718... and i = V-1. We now
relax our conditions, to allow complex arithmetic on, but not further non- real operations
within, for example, aTb = eT(ing/p) terms. A way of doing this is to consider aTh
expressions as scalars and complex numbers as vectors. This is an idea found in K theory.

We have stated that our factorisation theorems give unique factorisation when applied to
natural numbers up to order of factors.

For complex cyclotomics as used in the next lemma, uniqueness of factorisation depends on
the class number [30]. That is why, in section 3 on prime number and factorisation theorems,
we prefer to use formulae developed for the real case.

The next FAFT theorems have FSFT analogues. Here is Lemma 1.
Y+ =TI(s =0, p—1)[y - 8(eTin(2s + 1)/p)].

Proof. We first note that the leading term in the expansion is y°. The trailing term is
(-8)°(eTin[ 2(s = 0, p— 1)(2s + 1)/p]).
Now the following arithmetic series sum has the value
Z(s=0,p-1)s=p(p-1)2,
so the £ summation in [ ] above is
[2(p(p—1)/2) + pl/p = p.
Hence, irrespective of whether p is even or odd, since eTin(2s + 1) = -1, the trailing term is
.

Now consider the nth term in the expansion. If n = 0 or p — 1, it consists of a summation
2(r=0, m)gy” "5"

each ¢ is the product of n factors (eTin(2t + 1)/p), where the product terms range over all
combinations of t from 0 to p — 1. If X, # 0O, it consists of a non-zero vector in the complex
plane. Permute the roots under the cyclic transformation s — s + 1. Then g, — (eT2rin/p)e, =
&r, and g, remains the same, since it consists of the sum of all combinations. The rotation of
roots implies the complex sum vector must also be rotated by an & multiplication = 1, a
contradiction unless the sum is zero. m

The third Fermat addition factorisation theorem (third FAFT) is
a™((bp)°) + fT((gp)") =T(s = 0, P 1)
{@M(bp)° D) - (FMop)" N(eTin(2s + 1)/p)}.

Proof. Put
a=1y"p==5"
Then using lemma 1, we obtain
a+B=TI(s=0,p-1)[o* - BYPeTin(2s + 1)/p)]
and with the substitutions
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a =aT(bpTc) = al[(bpT1)(bpT(c - 1)] = @T[bpT(c - 1)])Tbp
and

B =fT(gpTh) = (FTapT(h - 1)) Tap,

this results in the theorem. m

Lemma 2. Let p = j(2Tk) with j odd and k non-negative. Then
eMNin(2s + 1)/p) = (-1)T(1/p) = V-1
has a real root (which is -1) only for k = 0.

Proof. Let k = 0, so p is an odd number. By applying T(1/p) to the equations below
-1=(-1)Tp

is a solution, for p odd, so -1 has a real root, -1. If k = 0, then p is even, implying
-1#(-1)Tpand-1=1Tp.

The norm of the root is 1, so there are no real root of -1 possibilities for p even. m

The fourth Fermat addition factorisation theorem (fourth FAFT) states:
Let p € N be an odd number. Then for free parameter m
aT((bp)?) + f((gp)") =
{aT[(0™)(bp)°* ™ +FTI@™)(gp)" "}
II(r=0,m-1{II(s=0,p-1, omit (p—1)/2)
[(aT(b[(bp)°~*~"1b"))
—(FT(gl(gn)" ' g (EeTin(2s + 1)/p)I}-

Proof. Consider the following factorisation identity, beginning with the ‘real root’ case,
which corresponds to s = (p — 1)/2, so by lemma 2, p is odd:
yT(pTm) +8T(pTm) = {yT(PT(m-1)) + 8T(ET(m - 1))}
II(s=0,p—1, omit (p —1)/2)
[yT(pT(m - 1)) - [8T(PT(m - 1))](eTin(2s + 1)/p)].
The term {yT(pT(m — 1)) + 8T (pT(m — 1))} can be replaced for an nth general recursion to
ive
: yT(pTm) + 8T(Tm) = {HyTpT(Mm—1-n)] +8T[pT(m—-1-n)]}
I[I(r=0,n)[II(s=0, p— 1, omit (p — 1)/2)
TpT(m-1-n]-@TpTm-1-n])ETin@s + 1)/p)]}-

Hence allocating the maximum nth replacement to m — 1, our equation is
yTTm) +8T(ETm) =[y+ 8] TI(r=0, m— 1){ TI(s =0, p — 1, omit (p — 1)/2)
T m—-1-n]- @Mt (m-1-n))(EeTin@s + 1)/p)}}.

Our substitutions now follow the steps of the second FSFT. Put
a=aT(bpTc) =yT(pTm).
We recall this leads to
y=aT(pT-m) = aT[(bpT-m)(bTm)] = aT[(bTm)(bpT(c — m))].
If we likewise allocate
B =fT(gpTh) = 5T (pTm),
then we obtain similarly

5 = fTI(gTm)(gpT(h - m))].

01.7



Consequently
aT(bpTc) + fT(gpTh) =
{aT[(bTm)(bpT(c—m))] +FT[(gTm)(gpT(h - m))]}
I[(r=0,m-1{II(s=0,p-1, omit (p— 1)/2)
[(oTPT(1 -] - BTIPT(-1 -] (eTin(2s + 1)/p)]}-

For the first term of the last expression in [ ], assign
a =aT(bpTc)

and
pT(-1—r)=[bpT(-1 - N](TA +71)).

Then this term is
{aT(blbpT(c—1-n](bT)}

and in comparable manner the second term is

{(FT(algpT(h - 1 - N](gTr))(eTin(2s + 1)/p)}. m

Under the FAFT constraints, say p odd, each of the FAFT and FSFT equations is equivalent
by “if and only if” equivalence to the identity (y, 8) = (y, 8), S0 under FAFT constraints their
equaliser (intersection) is also equivalent to this identity. Thus we can also form linear
combinations of FAFT and FSFT equations. These theorems we call linear combination
factorisation theorems — LCFT. Here is a typical example.

Letgand p € N be odd, h € N. Put
A= aT[(b”‘)(bp)hC* "
B =fTI(g™(gp)"
Cr=2(s=0, (p—1)/2){aT(2bs[(bp)°* "Tb"}
{fap-1-2s)[(gp)" * 1"}
Dr=2(s =0, (p - 3)/2){aT(b(2s + 1)[(bp)°*'T0"}
- {f o —2-2s)[(gp)" * 19"}
en

n[aT((bp)?)] + OLFT((gp)")] = %[(n + B)(A + B) T1(r =0, m - 1)(C, — D)) +
M-0)(A-B)II(r=0,m-1)(C;+Dy)].m

Our formula for difference of powers may be generalised by putting q = jk and

7' -87=[(TK) - BT (s =0, j - DIy Tks][3Tk( — 1 - 5)I}-

Accordingly, with j = 2", wy; a primitive 2jth root of unity and k odd
¥+ 8= [(rTK) + (0238) TK{Z(s = 0, ] - D[y Tks][(-eo8) Tk( — 1 - 9)I,
or with the same j = 2" and k odd
¥+ 87 = [(T27) + (872"
{=(5=0, k—D[T2"s][(-(T2") T(k — 1 —9)]}.

This can be compared with the binomial identity
V8= [T + BTK)) -
{E6=1,j-D[[ -1 -1 -s)[yTks][6Tk(j—1—-9)]}. m

Thus for g even as above an option is
Z =n(y") +6(8%) = %[(n + 0)(yT[2" + 5TV + (n - 0)(yT[2" - 8T[2"])V],
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with

U=2(s=0, k- D)[yT"S)K[-(6T2"]T(k—1-19)}
and

V=2(5=0k-1[yTSHT[2"K-1-9)]}. =

The general LCFT formula for any p is then
Z =Y[(1 - (-1)P)(formula for odd p) + (1 + (-1)P)(formula for even p)]. =

1.5 Extension of the LCFT to many variables.

We now give a modified example of the LCFT (note that here firstly, p is odd)

Z=n(yTp) +6(8Tp) = %[(n + O)(y + 8)X + (n - O)(y - ) Y],
generated from essentially y replaced by the sum of variables Z(i = 0, n — 1)y;, and & replaced
by the sum Z(i = 0, n — 1)3;. This is suitably general, because if, for example, there are less
variables &; than y;, say j of them, we can set §; to zero for j < i <n— 1. We will first give an
example restricted to the case n = 3.

The multinomial theorem is

(o+y1+ ... 70 1)" = ZpY(Po!pa! .. pu- 1DI(voTPO) .. (yn-2 TP )],
where the sum is extended over all non-negative p; with Xp; = p.

For example, if n =3 = p, then
(vo+ 71 +73)° = (yo'+ 3y2™+ 3y27)y0 + (y2°+ 3y2+ 3yo s + (v2°+ 3yo°+ 3112
+ 6Y0y1Y2.

Let p be odd. Then the expansion of
(o+vit...+ym-1)
can be written as a sum
Zy,combinations fory Jr... x(Yr YX)
where the number of terms in the sequence r, ... x is 'y, with y odd < n and each coefficient J;
... x Is invariant under any transformation ys — -ys, r > s > X.

Proof. Each term in the expansion is a scalar, o, times a product Iy, with =g = p, p odd.
This may be represented by alljy;"TIkyk', with u even and v odd. Hence it may be represented
by even parity terms invariant under ys — -ys given by oITy; ' TTkyk” ! each multiplied by odd
parity terms (y; ... yx) = Ikyk. Collecting together all the even parity terms, we put

Jr el X — Ziociijj“Hkyk"’l.

If there exists any term J, ... xIkyk, Where k ranges over an even number of values, then J; ...
« = ZioilTgyk", where Zw is even for each i, since J; ... « is of even parity, which contradicts
for each i that p = w + the range of k values, is odd. Hence y = the range of k values, is
odd. m

If p > n, with p, n odd, then the number of J; ... , terms is 2" ~*. If p < n, the number of terms

IS
$(k =0, (p — 1)/2)[nM(2k + 1)!(n — 2k — 1)1].
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Proof. If p > n, then the number of terms is the number of combinations of odd y; ...y«

=n+n(n-1)(n-2)23+...+nl/Qk+ )!(n—-2k—1) +...+1
=W(l+1)"=2""1
If p<n, nodd, it is the same series truncated after the %2(p + 1)th term. m

Consider for n = 3, p odd,
(Yo + 71+ 72)" — (80 + 81+ 82)° = [yo + y1 + y2 — 80 — 81 — 2]
[2(s=0,p—1)[(yo+y2+72)TsI[(S0 + 81 + 32) T(p — 1 - 9)]1,
which by the above theorem can be equated to
Joyo + Jry1 + o2 + Jorayoyryz + Kodo + Kid1 + K262 + Ko12600182,
where if p were = 1 then we would have Jy12 = Kgi2 = 0.

We wish to add together the following combination
ao[(yo + 1+ 72)" — (80 + 81 + 82)"] + @1[(=yo + 1 + v2)° — (8o + 81 + 8,)°]
az(yo—v1 + v2)" — (8o + 81 + 82)°] + bo[(yo + y1 + v2)° — (-80 — 81 — 82)°]
bal(vo +v1 + 72)" — (8o — 81— 82)"] + ba[(y0 + v1 + 72)" — (-80 + 81 — &2)°].

This linear combination may be equated to
Nodoyo + Nud1y1 + N2d2y2 + Nor2Jdorzyoyry2 +
00Ko8p + 01K181 + 02K282 + 0012K012800152,

where, for example,

Jovo= (-Jo)(-v0)
~ Jowzvorayz = (Fos2) (-v0) (-y) (-v2),

giving
NMo=a—ai+a+byg+by+b;
Ni=a+a—a+bg+by+b;
N2=a+ay+ax+bo+by+b
-6p=ap+ai+a—bo+bi—by
-0p=ap+ai+a—bo—by+ by
-Oo=ay+a +a—bg—by—hs.

We also have the supplementary equations
Moz =8 —ay—ax+ bg + by + by
Oz =ag+ar+ax—bo+by+h,.

A little linear algebra then gives
a1 = (N2 —Mo)/2,
a2=(n2—my)/2

and

do= (no +MN1—MN2— 92)/2.
Likewise

b1 = (62 — 60)/2,

bz = (92 — 91)/2
and

b= (60 +0; -0+ T]z)/z
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These results, easily extended to many variables, imply
No2=Mo + M1 —MN2

and
0o12=00 + 01 — 02.

We can express Joyo, J1y1, J2y2 and Jor2yoy1yz in terms of (yo + y1 + v2)°.
Jovo = Ya[(yo +y1 + v2)° — (vo +y1 + v2)° + (o —y1 + v2)° + (yo + v1— v2)°].
Jiyt =Yal(yo + 71+ y2)° + (-yo + v+ 72)° — (o —y1 + v2)* + (yo + v1— v2)°].
Jov2 =Y(yo +y1+v2)° + (-yo+ v1 +72)" + (o —v1 + 72)" — (yo + v1— 12)°].
Jorzyoyryz = Ya[(yo + v1 + v2)° — (o + y1 + v2)° — (Yo —v1 + 72)" — (vo + v1— 12)°].

We now introduce the symbol Xywxyz, in which u is O if yo is positive, and u is 1 if yo is
negative, and similarly with v for y; and w for y,. We adopt a similar type of convention for X,
Yy, Z with respect to &y, 61 and &,. Thus we have the expression for p odd

(Yo + 71 +72)" — (8o + 81 + 82)° = [0 + y1 + 2 — 80 — 81 — 82] Xo00,000,
with

Xooo.000 = [ Z(5 =0, p— D)[(y0 + y1 +12) Ts][(80 + 81 + 82) T(p — 1 - S)]1.

Hence we have the following theorem.
Nodoyo + N1y + M2day2 + (Mo + M1 — M2)dor2Yoyry2 +
B0Kodo + 0:1K181 + 0:Ko8, + (B9 + 01 — 02)K12808152
=% [(Mo + M1 —M2—02)(vo + 1 + y2 — 80 — 1 — 82) Xo00,000
+ (M2 —"0)(-vo + y1 + 2 — 8o — 81 — 82) X100,000
+ (M2 —"1)(yo —v1 + 72 — 8o — 81 — 82) X010,000
+ (B0 + 01— 02+ M2)(yo + y1 + v2 + S0 + 81 + 82)Xo00,111
+ (02— 00)(yo + 1 + 72— 80 + 81 + 82)Xo00,011
+ (02— 01)(yo + v1 + y2 + 80 — 1 + 82)Xo00,101]. W

Consider the general case for p odd
(Z(i=0,n-1)y)° - (Z(i=0,n-1)8)" =[2(i =0, n - 1)(yi - &)]
[2(5=0,p-DIEG=0,n-1)y)Ts][(Z( =0, n-21)8)T(p—1-9)]I,
which by the above theorem can be equated to

Zy,combinations fory Jr cee X(Yr e Yx) - Zy,combinations fory Kr cee X (8r cee 8x),
we have introduced K ... « for the coefficient of (5, ...0x) similar to J, ... x for (yr ... yx).

Ifp<n,thenfory>p,Jr...x=K;...x=0.

We wish now to add together linear combinations of 2n independent equations, each of a type
similar to the above, expressed in the n variables y; and the n variables o;.

Define the symbol &(i,j) by
E@lj)=1fori=]j
=0fori=j.

Then our general linear combination is

2(s=0,n—1)[as(Z(r =0, n— L)(yr — 2&(s,r — Dyr-1))" — (E(r =0, n - 1)3,)°]
+2(s=0,n-1)[bs(Z(r=0,n—1)y)? - (Z(r =0, n = 1)(-5, + 2&(s,r — 1)5,))"].
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With y odd, our linear combination equals
2y,combinations fory Mr -.. xr ... x('Yr e Yx) + z:y,combinations fory Or... xKr ... X(Sr ‘Sx),

where

Jooox(yr o) =-dr e xl(y0) --. (1],

Krooox(@ ... 0x) =-Kioo. «[(-6) ... (-8))].
This gives

N =2(s=0,n—1)[as— 2&(r + 1,8)a,+1 + bg]
and

-0, =2(s=0,n—1)[as— bs + 2&(r + 1,5)br+1].

Introducing, say, n(012) for noa2, we also have the supplementary equations
Nro...1y_1) =Z(s=0,n—1)[as—2X(t =0, y — 1)&(rt+1,5)ar+1 + bs]
-O(rp...ry_1) =2(s=0,n—1)[as—bs + 22(t =0, y — 1)&(rt+ 1,8)br + 1],

where we consider the set of variables (ro ... ry_1) to be any suitable combination for y.

Applying linear algebra, where s goes from 0 to n — 2, we obtain
As+1= (T'lnfl—ns)/Z,
p=(-n+2)Mn-1+2(5=0,n—2)ns— O, _1)/2.

Likewise

bs+1 = (Bn_1—65)/2,
bo=((-n+2)0,_1+2(s=0,n—2)0s+ nn_1)/2.

These results imply
T](ro I'y,l) = 1/2[(-” + 4)T]n,1 + (-n + Z)Gn,l] —
Z(s=0,n=1[E(t=0,y-1)&(re+1,5)Mn-1 -l
-e(ro I'y,l) = 1/Z[(I'] — 4)9,1,1 + (-n + 2)T]n,1] +
2(s=0,n—1)[Z(t=0,y—1)&(rt+1,5)(0n_1—6)].

Jr... x(yr ... yx) can then be computed explicitly.

We now introduce the symbol X(vov; ... vq_1, XoX1 ... Xn_1), in Which v; is O if y; is positive,
and v; is 1 if y; is negative, and likewise for x; with respect to ;. Thus we have the expression
(Z(6=0,n=1)y)’ - (Z(s=0,n—-1)8)° =
[Z(s=0,n—1)ys—2(s=0,n—1)5]X(0 ... 0,0 ... 0)
with
X(0...0,0...0)=
[2(r=0,p—D[E(s=0,n- 1) Tr[(E( =0, n-1)3)T(p—1-n)]].

Writing, say, J(012) for Jo12 and y(0) for vy we have the following theorem.
z:y,combinations fory 1’](I’o e ry—l)\](ro 1"yfl)('Y(rO) e y(l‘y, 1))
+ Xy combinations fory 0(fo ... Ty_1)K(ro ... ty-1)(8(ro) ... 8(ry_1))
= 2y combinations for y Y[(-n+d)nn_1+(-n+2)0,_1— 2X(s=0,n-1)
[Z(t=0,y—1E(r+1,8)(Mn-1— 0]l
[Z(s=0,n—1)[(1—2vs)ys— ds]X(VoV1 ... Vh_1,0 ... 0)]
— Xy, combinations fory 2[(N—4)0h_1 + (-n+ 2)np_1+ 22(s=0,n—-1)
[Z(t=0,y—1)E(rt+1,5)(Bn-1-6)]]
[Z(s=0,n—1)[ys + (1 — 2Xs)3s]X(0 ... 0, XoX1 ... Xp_1)]. W
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If g is even = (2")k, with k odd, then a formula for even q is obtained from the above formula
under the transformation p — K, ys — vs12", 8 — 8;12".

Alternatively, for g even, a complex cyclotomic formula can be utilised, where we set q = jk
= (2")k, with k odd and wy; a primitive 2jth root of unity, obtainable from the above under the

transformation p — j, ys = s Tk, 8s = (-a2;8s) Tk.

We recall, given u = p or q, the general LCFT formula for Z is then
Z ={[1 - (-1)"](formula for u odd) + [1 + (-1)"](formula for u even)}. m
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